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A COMPLETE CLASSIFICATION OF CUBIC FUNCTION FIELDS OVER ANY FINITE
FIELD
SOPHIE MARQUES AND KENNETH WARD
Abstract. We classify all cubic function fields over any finite field, particularly developing a complete Galois
theory which includes those cases when the constant field is missing certain roots of unity. In doing so, we find
criteria which allow one to easily read ramification and splitting data from the generating equation, in analogy
to the known theory for Artin-Schreier and Kummer extensions. We also describe explicit irreducibility criteria,
integral bases, and Galois actions in terms of canonical generating equations.
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Introduction
Let p ą 0 be a prime integer, Fq a finite field with q “ pn elements, and K a function field with
field of constants Fq. Let L{K be a Galois cubic extension. In general, if the field characteristic is
equal to 3, then Artin-Schreier theory is used to describe the extension L{K, which is given by an
equation y3 ´ y “ a, for a P K, whereas if the characteristic is not equal to 3 and the constant field
contains a primitive third root of unity, then Galois theory is well understood via Kummer theory,
which gives a generating equation y3 “ a, for a P K (see for example [7, 8]). The situation is more
delicate when the constant field does not contain a primitive third root of unity. Our goal in this paper
is to investigate all Galois cubic extensions of function fields K over finite fields in any characteristic,
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and in doing so, we are able to give a canonical Galois theory for cubic function fields over finite fields
when Artin-Schreier and Kummer theory cannot be used.
We refer to extensions with generating equation X3 “ a as purely cubic. If the characteristic is
different from 3, we give a simple criterion which determines whether or not a given extension of
function fields is purely cubic. If such an extension L{K is not purely cubic, then we show that it has
a generation of the form L “ Kpyq, with y such that
y3 ´ 3y ´ a “ 0 pa P Kq.
We will study this form in detail, as it is central to Galois theory when Artin-Schreier and Kummer
theory are not useful. We show that it is possible, and in fact practical, to read the ramification
and splitting directly from this form. In particular, this may be done in terms of the factorisation
of a. This gives a version of standard form, which is well-known for Kummer and Artin-Schreier
extensions (and we will henceforth refer to our form as standard due to this analogy). We are also
able to completely describe the following using our standard form in conjunction with Artin-Schreier
and Kummer theory:
— Irreducibility criteria for degree 3 polynomials;
— Galois cubic extensions of function fields in any characteristic;
— Galois actions and their connections to splitting; and
— Algorithms for providing integral bases.
We emphasise that the advantage of this approach is the ability to obtain all of the above information
concisely using our standard form. When joined with classical Artin-Schreier and Kummer theory, the
results which follow therefore provide a complete study of Galois structure for cubic function fields
over finite fields.
For ease of reading, we have divided this paper in the following way. Section 1 is devoted to
reducing general minimal polynomials of cubic extensions L{K to standard forms. In this way, we
recover Artin-Schreier and Kummer theory. For completeness, Section 2 examines the structure of
the Galois closure of L{K when the extension is not necessarily Galois. Section 3 reviews the Artin-
Schreier and its ramification theory, and Section 4 does just the same for Kummer extensions. Section
5 addresses the matter of cubic extensions of function fields over finite fields when Artin-Schreier and
Kummer theory cannot be used, which we note is the crux and raison d’eˆtre of this paper. Owing to
the length of the arguments, we relegate a portion of the full proofs of Section 5 to the Appendix.
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1. Minimal polynomials for generators of cubic extensions
In this section, we prove that any cubic extension has a primitive element whose minimal polynomial
is either of the form
(1) TpXq “ X3 ´ a, for some a P K or
(2) TpXq “ X3 ` X2 ` b for some b P K, and that this is equivalent to the existence of a generator
whose minimal polynomial is of the form
(a) TpXq “ X3 ´ 3X ´ a, for some a P K, in characteristic different from 3.
(b) TpXq “ X3 ` aX ` a2, for some a P K, in characteristic 3.
We note that the first case yields a purely inseparable extension in characteristic 3.
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Definition 1.1. A cubic extension L{K is called purely cubic if there exists a primitive element y for
L{K such that the minimal polynomial of y over K is of the form y3 “ a, with a P K.
If the characteristic is different from 3, we will give a simple criterion (Corollary 1.4) which de-
termines whether or not a given extension of function fields is purely cubic. The following Lemma
proves that one can find a generator with no square term. This is well known and originally due to
Tartaglia, as in his contribution to the Ars Magna, “On the cube and first power equal to the number”
[10, Chapter XV, p. 114]. (For a more modern reference, see also [6, p. 112].)
Lemma 1.2. Suppose that p ‰ 3, and let L{K be a separable extension of degree 3. Then there exists
an explicit primitive element y with characteristic polynomial of the form TpXq “ X3 ` aX ` b, with
a, b P K.
The discriminant of the polynomial TpXq “ X3 ` aX` b of Lemma 1.2 is equal to ´4a3 ´ 27b2. We
will use this form of the discriminant later. In the following Theorem, we show that one may find
a generator of the form announced at the outset of this section. This will be crucial in the sequel;
one major goal of this analysis is to use the generator of a cubic extension to study ramification,
reducibility, and integral basis construction.
Theorem 1.3. Let p ‰ 3. Let L{K be a separable extension of degree 3 with generating equation
Tpyq “ y3 ` ey2 ` f y ` g “ 0,
where e, f, g P K.
(a) Suppose that 3eg ‰ f 2. Then there exists a primitive element z of L{K with characteristic polyno-
mial of the form TpXq “ X3 ` X2 ` b, with b P K.
(b) Suppose that 3eg “ f 2. Then there exists a primitive element z of L{K with characteristic polyno-
mial of the form TpXq “ X3 ´ b, with b P K.
Furthermore, in each case, this primitive element is explicitly determined.
Proof. (a) Let y a generating element of L{K then there exist e, f, g P K, g ‰ 0 such that the minimal
polynomial of y is of the form:
SpXq “ X3 ` eX2 ` f X ` g
This may be seen by performing the rational transformation
y Ñ y1 “ y
f
3g y ` 1
,
as g ‰ 0 by irreducibility of SpXq. It follows that y “ y1
1´ f y13g
, which yields
¨
˝ y1
1 ´ f y13g
˛
‚
3
` e
¨
˝ y1
1 ´ f y13g
˛
‚
2
` f
¨
˝ y1
1 ´ f y13g
˛
‚` g “ 0.
Multiplication by p1 ´ f y13g q3 then yields
0 “ y13 ` ey12
ˆ
1 ´ f y
1
3g
˙
` f y1
ˆ
1 ´ f y
1
3g
˙2
` g
ˆ
1 ´ f y
1
3g
˙3
“
˜
1 ´ e f
3g
` 2 f
3
27g2
¸
y13 `
˜
e ´ f
2
3g
¸
y12 ` g.(1)
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Let γ “ 1 ´ e f3g `
2 f 3
27g2
. If f “ 0, then γ “ 1 ‰ 0, and otherwise,
γ “ 1 ` e
ˆ
´ f
3g
˙
` f
ˆ
´ f
3g
˙2
` g
ˆ
´ f
3g
˙3
“
ˆ
´ f
3g
˙3˜ˆ
´3g
f
˙3
` e
ˆ
´3g
f
˙2
` f
ˆ
´3g
f
˙
` g
¸
“
ˆ
´ f
3g
˙3
S
ˆ
´3g
f
˙
.
As the polynomial SpXq “ X3 ` eX2 ` f X ` g is irreducible over K, it follows that ´ 3gf cannot be
a root of S, whence
γ “
ˆ
´ f
3g
˙3
S
ˆ
´3g
f
˙
‰ 0.
Therefore, in any case, γ ‰ 0. We let α “ e ´ f 23g . Dividing (1) by γ, we obtain
(2) y13 ` α
γ
y12 ` g
γ
“ 0.
By assumption, 3eg ‰ f 2, so that α ‰ 0. We let z “ γα y1. Hence, with
b “ γ
2g
α3
“
´
1 ´ e f3g `
2 f 3
27g2
¯2
g´
e ´ f 23g
¯3 “ p27g
2 ´ 9e f g ` 2 f 3q2
27p3ge ´ f 2q3
and this choice of z, we obtain z3 ` z2 ` b “ 0, as desired.
(b) This follows as in the previous case by (2) and b “ ´ gγ .

We note that the discriminant of the polynomial TpXq of Lemma 1.3(a) is equal to ´4b ´ 27b2.
Corollary 1.4. Let p ‰ 3. Let L{K be a separable extension of degree 3 with generating equation
Tpyq “ y3 ` ey2 ` f y ` g “ 0,
where e, f, g P K.
(a) Suppose that 3eg ‰ f 2. Then there exists a primitive element z for L{K with characteristic poly-
nomial of the form TpXq “ X3 ´ 3X ´ b, with b P K.
(b) Suppose that 3eg “ f 2. Then there exists a primitive element z for L{K with characteristic poly-
nomial of the form TpXq “ X3 ´ b, with b P K.
In each case, this primitive element is explicitly determined.
Proof. (a) By Lemma 1.3, if 3eg ‰ f 2, then there exists an explicitly determined primitive element
z for L{K with characteristic polynomial of the form PpXq “ X3 ` X2 ` a, with a P K. We then
perform the linear change of variable z “ z1 ´ 13 and
0 “
ˆ
z1 ´ 1
3
˙3
`
ˆ
z1 ´ 1
3
˙2
` a
“ z13 ´ z12 ` 1
3
z1 ´ 1
27
` z12 ´ 2
3
z1 ` 1
9
` a
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“ z13 ´ 1
3
z1 ` 2
27
` a.
Letting z1 “ z23 , we therefore obtain
0 “ 33
«ˆ
z2
3
˙3
´ 1
3
z2
3
` 2
27
` a
ff
“ z23 ´ 3z2 ` 2 ` 27a.
Letting
b “ ´2 ´ 27a “ ´2 ´ p27g
2 ´ 9e f g ` 2 f 3q2
p3ge ´ f 2q3 ,
it follows that z2 is the desired primitive element.
(b) This case follows immediately from Lemma 1.3(b).

We note that the discriminant of the polynomial PpXq of Corollary 1(a) is equal to ´27p´4 ` b2q.
If the characteristic is equal to 3, we find two forms for the minimal polynomial of a generator of a
cubic extension:
Theorem 1.5. Suppose the characteristic of k is 3. Let L{K be a extension of degree 3. Then either:
(1) L{K is separable, there is a primitive element z such that its minimal polynomial is equal to
TpXq “ X3 `X2 ` b, and this primitive element is explicitly determined; or
(2) L{K is purely inseparable and there is a primitive element z such that its minimal polynomial
is equal to TpXq “ X3 ` b.
Proof. Let y a generating element of L{K then there exist e, f, g P K, g ‰ 0 such that the minimal
polynomial of y is of the form:
SpXq “ X3 ` eX2 ` f X ` g
Clearly, L{K is separable if, and only if, not both e and f are zero.
Suppose then that L{K is separable. If e “ 0, then as Tpyq is irreducible, g ‰ 0. Let y1 “ 1{y. Then
y13 ` f
g
y12 ` 1
g
“ 0.
If L{K separable then f ‰ 0, and taking z “ gf y1, we obtain
z3 ` z2 ` g
2
f 3
“ 0.
If, on the other hand, e ‰ 0, then let y1 “ y ´ fe . As the field characteristic is equal to 3, then
0 “
ˆ
y1 ` f
e
˙3
` e
ˆ
y1 ` f
e
˙2
` f
ˆ
y1 ` f
e
˙
` g
“ y13 ` f
3
e3
` ey12 ` 2 f y1 ` f
2
e
` f y1 ` f
2
e
` g
“ y13 ` ey12 ` 2 f
2
e
` g ` f
3
e3
.
With z “ 1e y1, we therefore obtain
0 “ z3 ` z2 ` 2 f
2
e4
` g
e3
` f
3
e6
.
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
Corollary 1.6. Let p “ 3. Let L{K be a separable extension of degree 3. Then there is a primitive
element z such that its minimal polynomial is of the form TpXq “ X3 ` bX ` b2. Furthermore, this
primitive element is explicitly determined.
Proof. From the previous Theorem, there is a primitive element y1 such that
y13 ` y12 ` b “ 0.
Let y2 “ 1{y1; then
by23 ` y2 ` 1 “ 0.
Finally, letting z “ by2, we obtain
z3 ` bz ` b2 “ 0.

2. Galois closure of cubic extensions
We begin this Section with a well-known result on the Galois group of a cubic extension (see for
instance [1, Theorems 1.1, 2.1, 2.6]):
Lemma 2.1. Let p ‰ 2. Suppose that the cubic extension L{K is separable. Then L{K is Galois if,
and only if, the discriminant is a square in K. Furthermore, in this case, GalpL{Kq “ A3.
We denote the minimal polynomial of a primitive element y of L{K as
TpXq “ X3 ` eX2 ` f X ` g, e, f, g P K.
As TpXq is irreducible, it is of course necessary that g ‰ 0. As TpXq has degree 3 in X, it follows that
TpXq is irreducible over K if, and only if, it possesses no root in K. For ease of notation, we denote
by LGK{K the Galois closure of L{K. We have GalpLGK |Kq E S3, as the Galois group GK permutes the
roots of the minimal polynomial of a primitive element of L{K. The following two results are general
and hold for any characteristic; these give the explicit construction of the Galois closure (Ibid.).
Lemma 2.2. Let L{K be a separable extension of degree 3 with generating equation
y3 ` ey2 ` f y ` g “ 0,
where e, f, g P K with roots α, β, γ in the splitting field Ls of L. The two elements of Ls
α2β` β2γ` γ2α and β2α` α2γ` γ2β
are roots of the polynomial
RpXq “ X2 ` pe f ´ 3gqX ` pe3g ` f 3 ` 9g2 ´ 6e f gq,
which has the same discriminant as
TpXq “ X3 ` eX2 ` f X ` g.
The quadratic function RpXq is called the quadratic resolvent of TpXq.
Theorem 2.3. Suppose TpXq P KrXs is a separable irreducible cubic polynomial which defines a cubic
field extension L{K. Then LGK{K has automorphism group over K equal to:
(a) A3 if its quadratic resolvent RpXq is reducible over K; and
(b) S3 if its quadratic resolvent RpXq is irreducible over K.
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Furthermore, in case (b), the Galois closure LGK of L{K is equal to Kpα, δq, where α is any root of TpXq,
and δ is either root of the quadratic resolvent of TpXq. If p ‰ 2, then LGK is also equal to Kpα,
?
Dq,
where D is the discriminant of TpXq.
We now suppose that L{K is a separable but non-Galois extension.
˝ Suppose moreover that the field characteristic is not 2 or 3; then either
˝ L{K is purely cubic and the Galois closure is equal to Kpy, ξq, where y generates a cubic
extension whose generating equation is X3 ´ a and ξ is a primitive third root of unity.
LGK
y3“a
❊❊
❊❊
❊❊
❊❊
❊
ξ2`ξ`1“0
②②
②②
②②
②②
②
Kpyq
y3“a ❊❊❊
❊❊
❊❊
❊❊
Kpξq
ξ2`ξ`1“0
②②
②②
②②
②②
②
K
Note that Kpξq{K is a constant extension, the constant field of LGK is Fqpξq, and LGK{Kpξq is
a Kummer extension.
˝ L{K has a primitive element y with minimal polynomial of the form X3 ´ 3X ´ a, for some
a P K and the Galois closure is Kpy, γq with γ2 “ ´3pa2 ´ 4q.
LGK
y3´3y“a
❊❊
❊❊
❊❊
❊❊
❊
γ2“´3pa2´4q
②②
②②
②②
②②
②
Kpyq
y3´3y“a ❊❊❊
❊❊
❊❊
❊❊
Kpγq
γ2“´3pa2´4q
①①
①①
①①
①①
①
K
Note that γ2 “ ´3pa2 ´ 4q is a Kummer extension, and thus the ramified places are those p
such that pvpp´3pa2 ´ 4qq, 2q “ 1. Thus, any place p of K which ramifies in Kpγq must satisfy
vppaq “ 0. Moreover, we will prove later that the ramified places of y3 ´ 3y “ a are the places
p such that vppaq ă 0 and 3 ∤ vppaq (see Theorem 5.10). In particular, there are no places fully
ramified in the Galois closure LGK .
˝ If the field characteristic is equal to 3, then L{K has a primitive element y whose minimal
polynomial is X3 ´ aX ´ a2 for some a P K. Then the Galois closure LGK{K of L{K is Lpz, γq
where γ2 “ a, and z “ γy generates a cubic Artin-Schreier equation with generating equation
z3 ´ z “ γ. (See Theorem 3.1)
LGK
z3´z“γ
❊❊
❊❊
❊❊
❊❊
❊
γ2“a
②②
②②
②②
②②
②
Kpyq
y3´ay“a2 ❊❊❊
❊❊
❊❊
❊❊
Kpγq
γ2“a
①①
①①
①①
①①
①
K
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We note that Kpγq{K is Kummer extension, and that LGK{Kpγq is an Artin-Schreier extension.
˝ If the field characteristic is equal to 2, then either
˝ L{K is purely cubic and the Galois closure is Lpy, ξq, where y generates a cubic extension
whose generating equation is X3 ´ a and ξ is a primitive third root of unity. Indeed, the
quadratic resolvent is X2 ` aX ` a2 and ξa is a root of this polynomial.
LGK
y3“a
❊❊
❊❊
❊❊
❊❊
❊
γ2`aγ`a2“0
②②
②②
②②
②②
②
Kpyq
y3“a ❊❊❊
❊❊
❊❊
❊❊
Kpξq
ξ2´ξ“1
②②
②②
②②
②②
②
K
Note again that Kpξq{K is a constant extension, whence the constant field of LGK is equal to
Fqpξq.
˝ L{K has a primitive element y with minimal polynomial of the form PpXq “ X3 ´ 3X ´ a for
some a P K and the Galois closure is equal to Lpy, γq, where γ is an Artin-Schreier generator
of degree 2 whose minimal polynomial is X2 ´ X “ 1`a2
a2
. Indeed, the quadratic resolvent of
PpXq is equal to X2 ` aX ` p1 ` a2q.
LGK
y3´3y“a
❊❊
❊❊
❊❊
❊❊
❊
z2`az`p1`a2q“0
②②
②②
②②
②②
②
Kpyq
y3´3y“a ❊❊❊
❊❊
❊❊
❊❊
Kpγq
γ2´γ“ 1`a2
a2
①①
①①
①①
①①
①
K
We note that Kpγq{K is an Artin-Schreier extension.
3. Cubic extensions in characteristic 3
As we have seen in Section 2, separable cubic extensions of function fields in characteristic 3 have
primitive elements with minimal equation of the form TpXq “ X3 ` bX ` b2. If the extension L{K is
Galois, this extension is Artin-Schreier as is well-known. We reprove this basic result in Galois theory
using our previous standard form.
Theorem 3.1. Let p “ 3, and let L{K be a Galois extension of degree 3. Then there is a primitive
element z such that its minimal polynomial is of the form Rpzq “ z3´z´a. Furthermore, this primitive
element is explicitly determined.
Proof. By the previous result, we know that there is a primitive element y1 such that its minimal
polynomial is of the form
SpXq “ X3 ` bX ` b2.
The discriminant of such a polynomial is equal to ´4b3. As L{K is Galois, the discriminant is a square,
thus ´b is a square, say ´b “ a2. With z “ y1{a, it follows that z3 ´ z “ a. 
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Although the Artin-Schreier theory is well-known, we will draw certain important parallels to its
fundamental results in other types of extensions, particularly those of the form y3 ´ 3y “ a which
occur when q ” ´1 mod 3. For the proof of the following classical result, we refer the reader to [8,
Proposition 5.8.6].
Lemma 3.2. Let charpFqq “ 3, and let Li “ Kpziq{K pi “ 1, 2q be two cyclic extensions of degree 3 of
the form z3
i
´ zi “ ai P K, i “ 1, 2. Then the following statements are equivalent:
(1) L1 “ L2.
(2) z1 “ jz2 ` b for 1 ď j ď 2 and b P K.
(3) a1 “ ja2 ` pb3 ´ bq for 1 ď j ď 2 and b P K.
The following Theorem gives ramification data, genus and Galois action for Artin-Schreier extensions
(see [7, Proposition 3.7.8]).
Theorem 3.3. Let K{Fq be an algebraic function field of characteristic 3. Suppose that a P K is an
element which satisfies the condition
a ‰ w3 ´w f or all w P K.
Let L “ Kpyq with y3 ´ y “ a. Such an extension L{K is called an Artin-Schreier extension of K. We
then have:
(1) L{K is a cyclic Galois extension of degree 3. The automorphisms of L{K are given by σlpyq “
y ` l (l “ 0, 1, 2).
(2) A place p of K is ramified in L if, and only if, there is an element z P K satisfying
vppa ´ pz3 ´ zqq “ ´mp ă 0 and mp ı 0 mod 3.
For a place p of K ramified in L, let P denote the unique place of L lying over p. Then the
differential exponent αpP|pq is given by
αpP|pq “ 2pmp ` 1q.
(3) If at least one place Q satisfies vQpaq ą 0, then Fq is algebraically closed in L and
gL “ 3gK ´ 2 `
ÿ
p ramified in L
pmp ` 1qdegppq,
where gL (resp. gK) is the genus of L{Fq (resp. K{Fq) and degppq is the degree of the place p
of K.
Remark 3.4. Suppose p “ 3. Let L{K be a cubic extension. By Corollary 1.6, we know that there is
a primitive element z for L with minimal polynomial TpXq “ X3 ´ bX´ b2, with b P K. By the results
of Section 2, we know that the Galois closure LGK{K can be expressed as a tower LGK “ Kpy, βq{Kpβq{K
with y that has minimal polynomial SpXq “ X3 ´ X ´ β where β2 “ b. As rKpy, βq : Kpβqs “ 3 is
coprime to rKpβq : Ks “ 2, the ramified places of L{K are the places of K that ramify in Kpy, βq{Kpβq.
These are precisely those places p such that there is place P in Kpβq above p and an element a P Kpβq
such that
vppβ´ pa3 ´ aqq “ ´m ă 0 and gcdpm, 3q “ 1.
If p “ 3, for a Galois cubic extension L{Fqpxq, it is known (see [8, Example 5.8.8]) via a process
originally due to Hasse that a generating equation of the form P3pXq “ X3´X´a may be transformed
into another generating equation X3 ´ X ´ c where the ramified places of L{Fqpxq are given by the
places p of Fqpxq for which vppcq ă 0, and for each such place, pvppcq, 3q “ 1. In this case, the equation
X3 ´X ´ c is said to be in standard form.
We recall when an Artin-Schreier extension is constant.
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Theorem 3.5. Suppose that p “ 3, L{Fqpxq is cubic and Galois, it is thus an Artin-Schreier extension
with a primitive element y of L{Fqpxq and generating equation X3 ´ X ´ c in standard form. Then
c P Fq if, and only if, L{Fqpxq is a constant extension (whence L “ Fq3pxq).
Proof. If c P Fq, then by definition of the generating equation y3 ´ y ´ c “ 0, L{Fqpxq is obtained
by adjoining constants. For the converse, suppose that c R Fq. Then there would exist a place p of
Fqpxq such that vppcq ă 0. As the generating equation is in standard form, it follows that p is (fully)
ramified in L. As constant extensions are unramified (see for example [8, Theorem 6.1.3]), it follows
that L{Fqpxq cannot be a constant extension. 
We conclude this section by giving an integral basis for Artin-Schreier extensions [4, Theorem 9].
Theorem 3.6. Let L be an Artin-Schreier extension of Fqpxq with generating equation y3 ´ y “ a,
where the factorisation of a in Fqpxq is given by
a “ Qśl
i“1 P
λi
i
,
where Pi P Fqrxs and pλi, 3q “ 1 for each i “ 1, . . . , l. (This is known to exist; see [8, Example 5.8.8].)
Then t1, S1y, S2y2u is an integral basis of L over Fqpxq, where for each j “ 1, 2,
S j “
lź
i“1
P
ri, j
i
,
with ri, j “ 1 `
Y
jλi
3
]
, where txu denotes the integral part of x.
4. Purely cubic extensions and Kummer extensions
In this section, we obtain a criterion for the coefficients of the minimal polynomial of a cubic
extension L{K to determine whether or not the extension is purely cubic.
Theorem 4.1. Suppose p ‰ 3. Let L{K be a cubic extension with constant field Fq and a primitive
element z whose minimal polynomial is
TpXq “ X3 ` eX2 ` f X ` g
where e, f, g P K. If 3eg ‰ f 2, L{K admits an explicitly determined primitive element y such that
y3 ´ 3y “ a where
a “ ´2 ´ p27g
2 ´ 9e f g ` 2 f 3q2
27p3ge ´ f 2q3 .
Then, L{K is purely cubic if, and only if,
˝ either 3eg “ f 2 or a2 ´ 4 is a square in K, if charpFqq ‰ 2. (The generator is explicitly deter-
mined.)
˝ either eg “ f 2 or the polynomial X2 ´ X “ 1
a2
has a root in K, if charpFqq “ 2.
More precisely, then for any extension L{K admitting a primitive element y such that y3´3y “ a with
a P K,
(1) If p ‰ 2 and a2 ´ 4 is a square, say, a2 ´ 4 “ δ2, then u “ y2 ` ky ´ 2 is such that u3 “ δ3k,
where k “ ´a˘δ2 .
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(2) If p “ 2 and K “ Fqpxq, the polynomial X2 ´X “ 1a2 has a root in K if and only if a “ Z
2
WpZ`Wq
for some W, Z P Fqrxs with pW,Zq “ 1 and u “ y2 ` ky is such that
u3 “ W
4pZ ` Wq2
P3
, where k “ W
7pZ ` Wq5
Z12
.
Proof. From Theorem 1.4, we know that either 3eg “ f 2 and L{K is purely cubic, or that L{K admits
a primitive element y such that y3 ´ 3y “ a with
a “ ´2 ´ p27g
2 ´ 9e f g ` 2 f 3q2
27p3ge ´ f 2q3 P K.
The proof that follows does not use this form of a, and is therefore valid for any extension L{K with
a primitive element y such that y3 ´ 3y “ a.
We note that any primitive element is of the form u “ jy2 ` ky ` l for j, k P K not both equal to 0
and l P K. Thus, we wish to determine which extensions admit a primitive element u such that u3 “ b,
for some b P K. We have
u3 “p jy2 ` ky ` lq3
“ j3y6 ` 3kj2 y5 ` 3 jpl j ` k2qy4 ` kpk2 ` 6l jqy3 ` 3lpl j ` k2qy2 ` 3l2ky ` l3
“9kj2 y3 ` p9 j3 ` 3 jl2 ` 3k2l ` 9l j2 ` 9k2 j ` 3 j2akqy2
` p6 j3a ` 3l2k ` 18lkj ` 3k3 ` 3 j2al ` 3 jak2qy ` j3a2 ` ak3 ` 6kal j ` l3
“p9 j3 ` 3 jl2 ` 3k2l ` 9l j2 ` 9k2 j ` 3 j2akqy2
` p27kj2 ` 6 j3a ` 3l2k ` 18lkj ` 3k3 ` 3 j2al ` 3 jak2qy
` 9 j2ak ` ak3 ` 6kal j ` l3 ` j3a2.
As 1, y, y2 form a basis of L{K, we then have that$&
%
3 j3 ` jl2 ` k2l ` 3l j2 ` 3k2 j ` j2ak “ 0 p1q
9kj2 ` 2 j3a ` l2k ` 6lkj ` k3 ` j2al ` jak2 “ 0 p2q
9 j2ak ` ak3 ` 6kal j ` l3 ` j3a2 “ b p3q
If j were equal to 0, then from p1q, either k “ 0 or l “ 0, whence from p2q, k “ 0, and thus that u
would not be a primitive element for L. Therefore, j ‰ 0. Without loss of generality, we may suppose
that j “ 1. Thus, we obtain$&
%
3 ` l2 ` k2l ` 3l ` 3k2 ` ak “ 0 p1q
9k ` 2a ` l2k ` 6lk ` k3 ` al ` ak2 “ 0 p2q
9ak ` ak3 ` 6kal ` l3 ` a2 “ b p3q
Evaluating k ¨ p1q ´ p2q yields
pk3 ´ 3k ´ aqpl ` 2q “ 0.
As k3 ´ 3k ´ a ‰ 0 by irreducibility of the polynomial TpXq “ X3 ´ 3X ´ a over K, it follows that
l “ ´2. By substitution in p1q, p2q, p3q respectively, we obtain$&
%
1 ` ka ` k2 “ 0 p4q
kp1 ` ka ` k2q “ 0 p5q
ak3 ´ 3ak ` p´8 ` a2q “ b p6q
Evaluating a ¨ p5q ´ p6q, we obtain
a2k2 ` 4ak ´ p´8 ` a2q ` b “ 0 p7q.
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Via p7q ´ a2 ¨ p4q, we find
´apa2 ´ 4qk ´ 2pa2 ´ 4q ` b “ 0.
Thus,
k “ ´2pa
2 ´ 4q ` b
apa2 ´ 4q .
By substitution of
k “ ´2pa
2 ´ 4q ` b
apa2 ´ 4q
in p4q, we have
(3) pa2 ´ 4q3 ´ bpa2 ´ 4q2 ´ b2 “ 0.
This is a quadratic in b with discriminant equal to
∆ “ a2pa2 ´ 4q3.
(1) If p ‰ 2, then the quadratic (3) has a solution, if and only if, a2´4 is a square, say a2´4 “ δ2.
Then,
b “ ´pa
2 ´ 4q2 ˘ apa2 ´ 4qδ
2
,
and thus
k “ ´2pa
2 ´ 4q ` b
apa2 ´ 4q “
´a ˘ δ
2
Note that
b “ pa2 ´ 4qδk.
(2) If p “ 2 this quadratic, then (3) has a solution, if and only if,
a6 ´ a4X ´ X2 “ 0
has a root b in K, which is equivalent to that X2 ´X´ 1
a2
has a root c in K with c “ a2b. Now,
we write c “ CD and a “ PQ with P,Q,C,D P Fqrxs and pP,Qq “ 1 and pC,Dq “ 1, then we haveˆ
C
D
˙2
` C
D
“ C
2 ` CD
D2
“ CpC` Dq
D2
“ Q
2
P2
As pC,Dq “ 1, we can assume without loss of generality that CpC ` Dq “ Q2 and D2 “ P2.
As p “ 2, this implies that D “ P and CpC ` Pq “ Q2. The polynomials C and C ` P are
coprime as pC,Dq “ 1; as D “ P and Fqrxs is a prime factorisation domain, we have that C
and C ` P are therefore square, and thus that there exist W and V P Fq with pW,Vq “ 1 such
that C “ W2 and C` P “ V2. As a consequence, P “ W2 `V2 and WV “ Q. Finally, putting
Z “ W ` V, we get
P “ Z2, Q “ WpZ ` Wq,C “ W2 and D “ P,
with pZ,Wq “ 1. Hence,
c “ W
2
Z2
,
b “ c
a2
“ W
2Q2
Z2P2
“ W
4pZ ` Wq2
P3
and
k “ b
a3
“ W
7pZ ` Wq5
P6
.
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By construction, if a is of this form, then the polynomial X2 ´ X ´ 1
a2
has a root c “ W2
Z2
. The
Theorem follows.

The following Corollary is also well known. We choose to use the previous Theorem to reprove it
directly.
Corollary 4.2. Suppose that K contains a primitive third root of unity. (This is equivalent to q ” 1
mod 3.) Then a geometric cubic extension L{K is Galois, if and only if, L{K purely cubic extension.
In this case, L{K is called a Kummer extension.
Proof. Suppose that K contains a primitive third root of unity ξ. If L{K is purely cubic, then we may
find a primitive element y such that its minimal polynomial is y3 “ a, for some a P K. Clearly, y, ξy,
and ξ2y are the roots of the minimal polynomial of y, and they are all contained in L. Thus, L{K is
Galois and GalpL{Kq “ Z{3Z.
Suppose now that L{K is Galois, and let y be a primitive element of L{K with minimal equation
y3 ` ey2 ` f y ` g “ 0. By Theorem 1.4, if 3eg “ f 2, then L{K is purely cubic. Suppose then that
3eg ‰ f 2. Thus, there exists a primitive element z with minimal polynomial TpXq “ X3 ´ 3X´ a. The
discriminant of this polynomial is equal to ∆ “ ´27p´4 ` a2q.
˝ If p ‰ 2, then as the extension L{K is Galois, the discriminant ∆ is a square in K. As K contains
a primitive third root of unity, ´3 is a square in K, whence pa2 ´ 4q must also be a square in K,
and by the previous Theorem, it follows that L{K is purely cubic.
˝ If p “ 2, then the quadratic resolvent of TpXq is equal to X2 ` aX ` p1 ` a2q. As L{K is Galois,
this polynomial has a root in K, say, δ. From the previous Theorem, L{K is purely cubic if, and
only if, X2 ´X ´ 1
a2
has a root in K, which is equivalent to SpXq “ X2 ` aX` 1 having a root in
K. Note that there is a root of SpXq of the form δ` u, as then
Spδ` uq “ pδ` uq2 ` apδ ` uq ` 1
“ pu ` δq2 ` apδ ` uq ` 1
“ u2 ` au2 ` a2.
The element u “ ξa is a solution to this equation, where ξ is a root of unity, whence L{K is
purely cubic.

Corollary 4.3. Let p ‰ 3. A purely cubic extension L{K is Galois if, and only if, K contains a
primitive third root of unity.
Proof. Suppose that L{K is purely cubic, so that y3 “ α for some α P K.
(1) Case 1: p ‰ 2. By Lemma 2.1, L{K is Galois, if and only if, dL{K “ ´27α2 equal to a square in
K. This is equivalent to ´3 being a square in K, which in turn is equivalent to K containing a
primitive third root of unity.
(2) Case 2: p “ 2. By Lemma 2.3, the extension L{K is Galois if, and only if, the resolvent
polynomial RpXq “ X2 ` αX ` α2 is reducible, which is true if, and only if, X2 ` X ` 1 is
reducible. That is, K contains a primitive third root of unity.
Thus, in either case, the result follows. 
We will give the equivalent form of the next result later for extensions with generating equation
y3 ´ 3y ´ a “ 0. For this reason, we recall some of the well-known results from the theory (for the
proof, see [8, Proposition 5.8.7]).
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Lemma 4.4. Let q ” 1 mod 3. Let Li “ Kpziq (i “ 1, 2) be two cyclic extensions of K of degree 3,
given by generating equations z3
i
“ ai . The following statements are equivalent:
(1) L1 “ L2.
(2) z1 “ z j2c for all 1 ď j ď 2 and c P K.
(3) a1 “ a j2c3 for all 1 ď j ď 2 and c P K.
The next Theorem gives ramification data, genus and Galois action for Kummer extensions [7,
Proposition 3.7.3].
Theorem 4.5. Let K{Fq be an algebraic function field of characteristic p ą 0 with q ” 1 mod 3.
Suppose that a P K is an element which satisfies the condition
a ‰ w3, f or all w P K.
Let L “ Kpyq with y3 “ a, so that L{K is a Kummer extension. We then have:
(1) L{K is a cyclic Galois extension of degree 3. The automorphisms of L{K are given by σpyq “ ξy,
with ξ a primitive 3rd root of unity.
(2) A place p of K is ramified in L{K if, and only if, pvppaq, 3q “ 1. For a place p of K ramified
in L, denote by P the unique place of L lying over p. Then the differential exponent dpP|pq is
given by
dpP|pq “ 2.
(3) If at least one place Q satisfies vQpaq ą 0, then Fq is algebraically closed in L, and
gL “ 3gK ´ 2 `
ÿ
pvppaq,3q“1
degppq,
where gL (resp. gK) is the genus of L{Fq (resp. K{Fq).
We recall when an Kummer extension is constant.
Theorem 4.6. Suppose that q ” 1 mod 3, and that L{Fqpxq is cubic and Galois, it is thus a Kummer
extension and there is a primitive element y of L{Fqpxq having irreducible polynomial TpXq “ X3 ´ b.
Then, L{Fqpxq is a constant extension (whence L “ Fq3pxq) if, and only if, b “ uβ3 with u P Fq, u is
not a cube and β P Fqpxq.
Proof. If b “ uβ3 with u P Fq where u P Fq is not a cube and β P Fqpxq, then z “ y{β generates L{K
and z3 “ u, by definition of the constant field and the generating equation z3 “ u (Note that if u
was a cube then X3 ` u would not be irreducible), L is obtained by adjoining constants to Fqpxq, and
L{Fqpxq is constant. Conversely, suppose that b ‰ uβ3 with u P Fq where u is not a cube and β P Fqpxq.
Then, as the polynomial is irreducible, there exists a place p of Fqpxq such that pvppbq, 3q “ 1. By
Kummer theory [8, Theorem 5.8.12], it follows that p is (fully) ramified in L. As constant extensions
are unramified (see for example [8, Theorem 6.1.3]), we find that L{Fqpxq cannot be constant. 
We finish this section by giving an integral basis for Kummer extensions ([4, Theorem 3]).
Theorem 4.7. Let L be an Kummer extension of Fqpxq, and let y3 “ a, where the factorisation of a
is given by
a “
lź
i“1
Pλi
i
,
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where Pi P Fqrxs, 1 ď λi ď 2 for each i “ 1, . . . , l. (This is known to exist; see [8, Example 5.8.9].)
Then t1, yS1 ,
y2
S2
u is an integral basis of L over Fqpxq, where for each j “ 1, 2,
S j “
lź
i“1
P
ri, j
i
,
with ri, j “
Y
jλi
3
]
, where txu denotes the integral part of x.
5. Extensions with generating equation y3 ´ 3y ´ a “ 0
5.1. The Galois criterion. In the next Theorem, we investigate when a cubic extension with gener-
ating equation y3´ 3y´ a “ 0 is Galois, similarly to Theorem 3.1 and Corollary 4.2 for Artin-Schreier
and Kummer extensions.
Theorem 5.1. Let q ” ´1 mod 3. Then, a cubic extension L{Fqpxq is Galois if, and only if,
(a) If p ‰ 2, L{Fqpxq has a primitive element z with minimal polynomial of the form
TpXq “ X3 ´ 3X ´ b,
where b “ PQ , for some P,Q P Fqrxs such that pP,Qq “ 1, and"
P “ 2pA2 ´ 3´1B2q
Q “ A2 ` 3´1B2
for some A,B P Fqrxs, pA,Bq “ 1.
(b) If p “ 2, there exists a primitive element z of L{Fqpxq with minimal polynomial
TpXq “ X3 ´ 3X ´ b,
where b “ PQ , for some P,Q P Fqrxs such that pP,Qq “ 1, and"
P “ A2
Q “ A2 `AB ` B2,
for some A and B P Fqrxs and pA,Bq “ 1.
Proof. Let q ” ´1 mod 3.
(a) Suppose that L{Fqpxq is Galois and p ‰ 2. By Corollaries 1.2 and 4.3, there exists a primitive
element z with minimal polynomial of the form TpXq “ X3´3X´b. It follows that the discriminant
of L{Fqpxq satisfies dL{Fqpxq “ ´27p´4`b2q. As in the statement of the Theorem, we write b “ P{Q
with P,Q P Fqrxs and gcdpP,Qq “ 1. By Lemma 2.1, L{Fqpxq is Galois if, and only if, there exists
R P Fqrxs such that
R2 “ ´27p´4Q2 ` P2q “ ´27p´2Q ` Pqp2Q ` Pq.
The polynomials ´2Q ` P and 2Q ` P are relatively prime; indeed, for if f divides ´2Q ` P
and 2Q ` P, then f divides both 4Q “ p2Q ` Pq ´ p´2Q ` Pq and 2P “ p2Q ` Pq ` p´2Q ` Pq,
contradicting gcdpP,Qq “ 1. Thus, by unique factorisation in Fqrxs, it follows that, up to elements
of Fq˚ , 2Q ` P and ´2Q` P are squares in Fqrxs. Therefore, there exist c, d P Fq˚ with cd equal to
´27´1 up to a square in Fq˚ and A,B P Fqrxs such that
2Q ` P “ cA2 and ´ 2Q ` P “ dB2.
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Thus 2P “ cA2 ` dB2 and 4Q “ cA2 ´ dB2, and
4Q “ cA2 ´ dB2 “ c´1pc2A2 ´ cdB2q “ c´1ppcAq2 ` 3´1p3´1Bq2q.
Therefore, "
4cQ “ A12 ` 3´1B12
2cP “ A12 ´ 3´1B12,
where A1 “ cA and B1 “ 3´1B. Given A1,B1 as before, for any c P Fq, b takes the same value
b “ 2 A
12 ´ 3´1B12
A12 ` 3´1Bs2 .
Thus, without loss of generality, we have"
Q “ A22 ` 3´1B22
P “ 2pA22 ´ 3´1B22q,
for some A2 and B2 P Fqrxs with pA2,B2q “ 1.
Conversely, suppose that "
Q “ A2 ` 3´1B2
P “ 2pA2 ´ 3´1B2q
for some A and B in Fqrxs, and pA,Bq “ 1. Then
dL{Fqpxq “ ´27p´4 ` b2q
“ ´27
˜
´4 ` 4
ˆ
A2 ´ 3´1B2
A2 ` 3´1B2
˙2¸
“ ´3 ˆ 62
˜
´pA2 ` 3´1B2q2 ` pA2 ´ 3´1B2q2
pA2 ` 3´1B2q2
¸
“ ´3 ˆ 62
ˆ´4 ˆ 3´1A2B2
pA2 ` 3´1B2q2
˙
“ 122
ˆ
A2B2
pA2 ` 3´1B2q2
˙
,
whence dL{Fqpxq is a square. By Lemma 2.1, it follows that L{Fqpxq is Galois.
(b) Suppose that L{Fqpxq is Galois, and that p “ 2. By Lemma 1.3 and Corollary 4.3, there is a
primitive element z of L{Fqpxq with minimal polynomial of the form TpXq “ X3 ´ 3X ´ b. By
Lemma 2.3, we know that L{Fqpxq is Galois if, and only if, the resolvent polynomial
RpXq “ X2 ` 3bX ` p´27 ` 9b2q
of TpXq is reducible. This is the same as requiring that the polynomial X2 ` X “ 3{b2 ´ 1 is
reducible, which (as this is a polynomial of degree 2) is equivalent to the existence of at least one
w P K such that w2 ´w “ 3{b2 ´ 1 “ 1{b2 ` 1. As p “ 2, we have pw` 1{bq2 ´pw` 1{bq “ 1` 1{b.
The latter is equivalent to the existence of w1 P Fqpxq such that
w12 ´ w1 “ b ` 1
b
.
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We write b “ PQ where P, Q P Fqrxs with pP,Qq “ 1 and w1 “ CD where C, D P Fqrxs with
pC,Dq “ 1. We thus find that
C2
D2
´ C
D
“ P `Q
P
and
C2 ´ CD
D2
“ P ` Q
P
.
As pC2 ´ CD,D2q “ 1 and pP ` Q,Pq “ 1, it follows that up to a constant not affecting the value
of b, "
P “ D2
P ` Q “ C2 ´ CD;
equivalently, "
P “ D2
Q “ C2 ´ CD ` D2.
Conversely, suppose b “ PQ , where"
P “ D2
Q “ C2 ´ CD` D2
where C, D P Fqrxs with pC,Dq “ 1. Then the polynomial X2 ´ X “ b`1b has CD as root and the
Theorem follows.

Remark 5.2. We note that under the assumptions and notation of the previous Theorem, Q is
constant if, and only if, b is constant. Indeed, if Q is constant, then with the notation of the previous
Theorem, we write Q “ A2 ` 3´1B2. Letting
A “ amxm ` am´1xm´1 ` ¨ ¨ ¨ ` a0 and B “ bnxn ` bn´1xn´1 ` ¨ ¨ ¨ ` b0,
it follows from the fact that Q is constant that if either of m or n is positive, then m “ n. This implies
that a2n ` 3´1b2n “ 0, and hence that p´3q´1 “ pbn{anq2 where bn{an P Fq, contradicting that q ” ´1
mod 3.
More precisely, we have the following Theorem, which characterises the Galois extensions of the
form y3 ´ 3y “ a in terms of the factorisation of the denominator of a.
Theorem 5.3. Let q ” ´1 mod 3. Suppose that L{Fqpxq is a Galois cubic extension. By Theorem
1.2, L{Fqpxq has a primitive element z with minimal polynomial of the form
TpXq “ X3 ´ 3X ´ b.
Write b “ PQ with P,Q P Fqrxs such that pP,Qq “ 1. Then,
Q “ w
ź
i
Qei
i
with Qi unitary irreducible of even degree, w P Fq˚ , and ei a positive integer.
Proof. By [3, Theorem 3.46], an irreducible polynomial over Fq of degree n factors over Fqkrxs into
gcdpk, nq irreducible polynomials of degree n{gcdpk, nq. It follows that an irreducible polynomial over
Fq factors in Fq2 into polynomials of smaller degree if, and only if, gcdp2, nq ą 1, i.e., 2|n. We note
that the rings Fqrxs and Fq2rxs “ Fqpuqrxs for some u P Fq2zFq are both unique factorisation domains.
Also, the irreducible polynomials in Fq2rxs are those irreducible polynomials of odd degree in Fqrxs or
the irreducible polynomials occurring as factors of irreducible polynomials of even degree in Fqrxs.
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(1) If p ‰ 2, let t be a root of x2 ` 3´1 in Fq2 . From the previous Theorem, we know that,
Q “ A2 ` 3´1B2,
where A,B P Fqrxs and pA,Bq “ 1. We consider the norm map
N : Fq2rxs Ñ Fqrxs
α` tβ ÞÑ α2 ` 3´1β2 “ pα` tβqpα´ tβq “ pα` tβqq`1.
As, the element ´t “ tq is the other root of the polynomial X2 ` 3´1 “ 0 in Fq2 . Indeed, the
coefficients of SpXq “ X2 ` 3´1 are in Fq, whence
Sptqq “ Sptqq “ 0,
and t ‰ tq, as t R Fq.
Clearly, the map N is multiplicative, and it follows that a polynomial Q “ wśi Qeii is of
the form NpA ` tBq “ Q with A,B P Fqrxs coprime if, and only if, each Qi is of the form
NpAi ` tBiq “ Qi, with Ai,Bi P Fqrxs coprime.
Indeed, observe that
˝ If U is an irreducible polynomial of odd degree in Fqrxs, then
NpUq “ Q2i ,
˝ If U is an irreducible polynomial occurring as a factor of an irreducible polynomial of even
degree in Fqrxs, then it is of the form U “ A ` tB with A,B P Fqrxs, B ‰ 0 and pA,Bq “ 1.
Then
NpUq “ A2 ` p´3q´1B2,
Thus, NpAi`tBiq “ Qi, with Ai,Bi P Fqrxs coprime if only if Ai`tBi is an irreducible polynomial
occurring as a factor of an irreducible polynomial of even degree in Fqrxs. We therefore conclude
the Theorem if p ‰ 2.
(2) If p “ 2, similarly, let ξ be a primitive 3rd root of unity in Fq2 , whence ξ2 ` ξ` 1 “ 0. From
the previous Theorem, we know that,
Q “ A2 ` AB ` B2,
where A,B P Fqrxs and pA,Bq “ 1. We consider now the norm map
N : Fq2rxs Ñ Fqrxs
α` ξβ ÞÑ α2 ` αβ` β2 “ pα` ξβqpα` ξ2βq “ pα` ξβqq`1
Indeed, ξ2 “ ξq, as it is a root distinct from ξ of the polynomial X2 ` X ` 1, which has
coefficients in Fq. As before, the map N is multiplicative. We thus deduce the Theorem as in
the previous case.

Any Q of the form given in the previous Theorem is realisable as the denominator of b. Here, we
give a recipe to construct Galois cubic extensions without primitive 3rd roots of unity with a given Q
as in the previous Theorem. We begin with the following Lemma.
Lemma 5.4. Suppose q ” ´1 mod 3. Given w P Fq, there are q ` 1 ways to write w as
(1) w “ u2 ` p´3q´1v2, for some u, v P Fq, if p ‰ 2;
(2) w “ u2 ` uv ` v2, for some u, v P Fq, if p “ 2.
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Proof. (1) If p ‰ 2, as in the previous Theorem, let t be one of the solutions of the equation
X2 ` 3´1 “ 0 in Fq2 . As, ´t “ tq, we have,
w “ pu ` tvqpu ´ tvq “ pu ` tvqpu ` tqvq “ pu ` tvqq`1 and 1 “ wq´1 “ pu ` tvqq2´1.
If w “ 1 then u` tv is a q` 1th root of unity and there are q` 1 of those in Fq2 . Otherwise,
u ` tv is a q2 ´ 1st root of unity, say u ` tv “ ζm where ζ be a primitive q2 ´ 1st root of unity
and m a positive integer. Also, w “ ζl for some l positive integer; moreover, wq´1 “ 1, whence
mpq ´ 1q is divisible by q2 ´ 1. It follows that l “ spq ` 1q for some positive integer s, and
m “ s, s ` pq ´ 1q, . . . , s ` qpq ´ 1q give q` 1 distinct u ` tv “ ζm. Hence q ` 1 distinct ways
to write w as w “ Npu ` tvq “ u2 ` 3´1v2.
(2) If p “ 2, let ξ be one of the solutions of the equation X2`X`1 “ 0 in Fq2 . Then ξ2 “ ξ`1 “ ξq
is also the other root of the polynomial X2 `X` 1 thus the argument developed for p ‰ 2 can
be applied in this case too.

Lemma 5.5. Let
Q “ w
rź
i“1
Qei
i
with Qi unitary irreducible in Fqrxs of even degree, w P Fq˚ , and ei a positive integer. Then there are
at most 2r`1pq ` 1q, pA,Bq P Fqrxs ˆ Fqrxs relatively prime such that
(1) Q “ A2 ` p´3q´1B2, for some A,B P Fq, if p ‰ 2;
(2) Q “ A2 ` AB ` B2, for some A,B P Fq, if p “ 2.
Proof. The degree of Qi is even, whence by [3, Theorem 3.46], each Qi factors in Fqptqrxs into
gcdp2, nq “ 2 irreducible polynomials of degree n{gcdp2, nq “ n{2.
(1) Suppose that p ‰ 2. We have that
Qi “ pAi ` tBiqpAi ´ tBiq “ A2i ` 3´1B2i ,
The factors of Qi are then pAi ` tBiq and pAi ´ tBiq, which are unique up to a unit. Also, as Qi
is irreducible in Fqrxs, we have that Ai and Bi are coprime. Suppose that Qi “ NpCi ` tDiq “
NpAi ` tBiq. As Fq2rxs is a unique factorisation domain, we have
Ci ` tDi “ aipAi ˘ tBiq and Ci ´ tDi “ bipAi ¯ tBiq
for some ai, bi P Fq2 “ Fqptq, aibi “ 1 with Ai and Bi P Fqrxs. We write ai “ ui ` tvi and
bi “ wi ` tzi where ui, vi,wi, zi P Fq. As aibi “ puiwi ´ 3´1viziq ` tpviwi ` uiziq “ 1, it follows
that "
1 “ uiwi ´ 3´1vizi
0 “ viwi ` uizi
Thus, "
Ci ` tDi “ pui ` tviqpAi ˘ tBiq “ uiAi ¯ 3´1viBi ` pAivi ˘ Biuiqt
Ci ´ tDi “ pwi ` tziqpAi ¯ tBiq “ wiA ˘ 3´1ziB ` pAzi ¯ Bwiqt
As a consequence,"
Ci “ uiAi ¯ 3´1viBi and Di “ Aivi ˘ Biui
Ci “ wAi ˘ 3´1zBi and Di “ ´pAizi ¯ Biwiq
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Subtracting Ci “ uiAi ¯ 3´1viBi and Ci “ wiAi ˘ 3´1ziBi, we find
pui ´ wiqAi “ ¯3´1pvi ` ziqBi
As pAi,Biq “ 1, ui “ wi and vi “ ´zi, whence
1 “ u2i ` 3´1v2i .
Thus, we can write Qei
i
as an element in the image of the norm map N, that is,
Qei
i
“ N
˜
eiź
l“1
pui,l ` tvi,lq
eiź
l“1
pAi ` ǫi,ltBiq
¸
,
where ui and vi P Fq satisfy 1 “ u2i,l ` 3´1v2i,l and ǫi,l P t˘1u. Moreover, if in this product
we have at least one ǫi,l0 “ 1 and at least one ǫi,l1 “ ´1 for some l0 ‰ l1, then it would lead
to A and B sharing a divisor, which violates that they are coprime. It follows that the only
possibility is to write either
Qei
i
“ N
˜˜
eiź
l“1
pui,l ` tvi,lq
¸
pAi ` tBiqei
¸
or Qei
i
“ N
˜˜
eiź
l“1
pul,i ` tvl,iq
¸
pAi ´ tBiqei
¸
By the previous Lemma, we write w as w “ Npµ` tνq for some µ and ν P Fq, and
Q “ N
˜
pµ ` tνq
rź
i“1
˜
eiź
l“1
pui,l ` tvi,lq
¸
pAi ` ǫitBiqei
¸
,
where ǫi “ ˘1 with µ, ν, ui,l, vi,l P Fq. We have pµ` tνq
śr
i“1
śei
l“1pui,l` tvi,lqq “ α` tβ for some
α, β P Fq and w “ Npα` tβq. By Lemma 5.4, there exist q ` 1 such α and β. Furthermore,
A ` tB “ pα` tβq
rź
i“1
pAi ` ǫitBiqei .
The result follows.
(2) Suppose that p “ 2. We have that
Qi “ pAi ` ξBiqpAi ` ξ2Biq “ A2i ` AiBi ` B2i ,
The factors of Qi are then pAi`ξBiq and pAi`ξ2Biq unique up to a unit. Also, as Qi is irreducible
in Fq, we have that Ai and Bi are coprime. Suppose that Qi “ NpCi ` ξDiq “ NpAi ` ξBiq. As
Fq2rxs is a unique factorisation domain, we have
Ci ` ξDi “ aipAi ` ξ2Biq and Ci ` ξ2Di “ bipAi ` ξBiq
or
Ci ` ξDi “ aipAi ` ξBiq and Ci ` ξ2Di “ bipAi ` ξ2Biq
for some ai, bi P Fq2 “ Fqptq, such that aibi “ 1, as Qi is supposed unitary. We write ai “ ui`ξvi,
bi “ wi ` ξzi where ui, vi,wi, zi P Fq. As
aibi “ puiwi ` ziviq ` ξpuizi ` viwi ` viziq “
then "
1 “ uiwi ` zivi
0 “ uizi ` viwi ` vizi
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(a) Case 1:
Ci ` ξDi “ aipAi ` ξ2Biq “ puiAi ` viBi ` uiBiq ` pviAi ` uiBiqξ
and
Ci ` ξ2Di “ bipAi ` ξBiq “ pwiAi ` ziBiq ` pziBi ` ziAi `wiBiqξ
Thus $’’&
’’%
Ci “ uiAi ` viBi ` uiBi
Di “ viAi ` uiBi
Ci “ wiAi ` ziAi ` wiBi
Di “ ziBi ` ziAi ` wiBi
Hence, " pui ` wi ` ziqAi “ pvi ` ui ` wiqBi
pvi ` ziqAi “ pui ` zi ` wiqBi
Then, as pAi,B1q “ 1, $’’&
’’%
vi ` zi “ 0
ui ` zi ` wi “ 0
uiwi ` zivi “ 1
uizi ` viwi ` vizi “ 0
Hence, $&
%
vi ` zi “ 0
ui ` zi ` wi “ 0
Npui ` ξviq “ u2i ` uivi ` v2i “ 1
(b) Case 2:
Ci ` ξDi “ aipAi ` ξBiq “ puiAi ` viBiq ` pviAi ` uiBi ` viBiqξ
and
Ci ` ξ2Di “ bipAi ` ξ2Biq “ pwiAi ` ziBi ` wiBiq ` pziAi ` wiBiqξ
Thus $’’&
’’%
Ci “ uiAi ` viBi
Di “ viAi ` uiBi ` viBi
Ci “ wiAi ` ziAi ` ziBi
Di “ ziAi ` wiBi
Hence, " pui ` wi ` ziqAi “ pvi ` ziqBi
pvi ` ziqAi “ pui ` vi ` wiqBi
Thus, as before $&
%
vi ` zi “ 0
ui ` zi ` wi “ 0
Npui ` ξviq “ u2i ` uivi ` v2i “ 1
As a consequence, we can always write Qei
i
as an element in the image of the norm map N,
whence
Qei
i
“ N
˜
eiź
l“1
pui,l ` ξvi,lq
eiź
l“1
θi,l
¸
,
where ui,l and vi,l P Fq satisfies 1 “ u2i,l`ui,lvi,l`v2i,l where θi,l P tAi`ξBi,Ai`ξ2Biu. Moreover,
if in this product we have at least one θi,l0 “ Ai ` ξBi and at least one θi,l1 “ Ai ` ξ2Bi for
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some l0 ‰ l1, then it would lead to A and B that would not be coprime. It follows that the
only possibility is to write either
Qei
i
“ N
˜˜
eiź
l“1
pui,l ` ξvi,lq
¸
pAi ` ξBiqei
¸
or Qei
i
“ N
˜˜
eiź
l“1
pul,i ` ξvl,iq
¸
pAi ` ξ2Biqei
¸
By Lemma 5.4, we write w as w “ Npµ` ξνq for some µ and ν P Fq, and
Q “ N
˜
pµ` ξνq
rź
i“1
˜
eiź
l“1
pui,l ` ξvi,lq
¸
θei
i
¸
,
where ǫi “ ˘1 with µ, ν, ui,l, vi,l P Fq where θi P tAi ` ξBi,Ai ` ξ2Biu. We have pµ `
ξνqśri“1śeil“1pui,l ` ξvi,lqq “ α` ξβ for some α, β P Fq and w “ Npα` ξβq, and by Lemma 5.4,
there are again q ` 1 such α and β. Finally,
A ` ξB “ pα` ξβq
rź
i“1
θei
i
,
which yields the result in this case.

5.2. The irreducibility criterion. In the following Theorem and Corollary, we see that if L{K is
a Galois cubic extension with a generating equation of the form y3 ´ 3y “ a where a “ PQ and P,
Q P Fqrxs with pP,Qq “ 1, then Q cannot be a cube, up to a unit.
Theorem 5.6. Let q ” ´1 mod 3. Let PpXq “ X3´3X´a be a polynomial, where a “ PQ , P,Q P Fqrxs,
and pP,Qq “ 1.
(1) If p ‰ 2, suppose that P “ 2pA2 ´ 3´1B2q and Q “ A2 ` 3´1B2, for some A,B P Fqrxs with
pA,Bq “ 1. Let t P Fq2 be a root of the polynomial X3`3´1. Then TpXq is a reducible polynomial
over Fqpxq if, and only if, pA ` tBq is a cube in Fq2rxs.
(2) If p “ 2, suppose that P “ A2 and Q “ A2 ` AB ` B2, for some A,B P Fqrxs with pA,Bq “ 1.
Let ξ P Fq2 be a primitive third root of unity. Then TpXq is a reducible polynomial over Fqpxq
if, and only if, pB ` ξAq is a cube in Fq2rxs.
Proof. First, if TpXq is reducible over Fqpxq then there is fg with f, g P Fqrxs and p f, gq “ 1 such that
T
ˆ
f
g
˙
“ 0
That implies that ˆ
f
g
˙3
´ 3
ˆ
f
g
˙
´ b “ 0
That is
f 3 ´ 3 f g2
g3
“ P
Q
As p f 3 ´ 3 f g2, g3q “ 1 and pP,Qq “ 1 then Q “ g3 up to a constant.
Suppose that Q is a cube up to a unit c P Fq˚ . Then up to multiplication by c2, without loss of
generality, we can suppose that Q is a cube say Q “ g3 with Fqpxq.
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(1) If p ‰ 2, let t be a root of x2`3´1 in F2q. Suppose L{Fqpxq has a generating equation of the form
y3´3y “ a where a “ PQ where P “ 2pA2´3´1B2q and Q “ A2`3´1B2, for some A,B P Fqrxs and
pA,Bq “ 1. By Lemma 5.5, A` tB “ pu` tvqpα˘ tβq3 and A´ tB “ pu´ tvqpα¯ tβq3, for some u,
v P Fq and α, β P Fqptq with pα, βq “ 1, as A2`3´1B2 “ NpA`tBq “ pA`tBqpA´tBq “ Q “ g3.
We now examine the polynomial X3 ´ 3X ´ a over Fqptqpxq. We have
a2 ´ 4 “
ˆ
4t
AB
A2 ` 3´1B2
˙2
“ δ2,
where
δ “ 4t AB
A2 ` 3´1B2 .
By the proof of Theorem 4.1, we have that as a2´4 is a square over Fqptq, whence FqptqpxqL{Fqptqpxq
is purely cubic, so that there is w “ y2 ` ky ´ 2 such that w3 “ b, where
k “ ´a ˘ δ
2
“ ´A
2 ` 3´1B2 ˘ 2tAB
A2 ` 3´1B2 “
´A2 ` 3´1B2 ˘ 2tAB
A2 ` 3´1B2 “
´pA ¯ tBq2
Q
,
and furthermore,
b “ δ3k.
As we supposed Q “ A2`3´1B2 to be a cube and A` tB “ pu` tvqpα˘ tβq3, then we have that
X3 ´ b is reducible over Fqptqpxq if, and only if, X3 ´ 3X ´ a is reducible over Fqptqpxq, which
is true if, and only if, A ` tB is a cube in Fqptqpxq. (This follows from the fact that A ` tB is
a cube if, and only if, A ´ tB is a cube, as pA ` tBqpA ´ tBq “ A2 ` 3´1B2 “ Q “ g3.) Also,
X3 ´ 3X ´ a is irreducible over Fqptqpxq implies X3 ´ 3X ´ a is irreducible over Fqpxq. Thus, if
TpXq is reducible over Fqpxq, then pA ` tBq is a cube in Fq2pxq.
For the converse, suppose that Q “ A2 ` 3´1B2 and A ` tB is a cube in Fqptqrxs, say,
A ` tB “ pα` tβq3. Then
A ` tB “ pα` tβq3 “ βp3α2 ` p´3q´1β2qt ` αpα2 ´ β2q
and
A “ βp3α2 ` p´3q´1β2q and B “ αpα2 ´ β2q.
We now let
r “ 2pα
2 ´ 3´1β2q
α2 ` 3´1β2 P Fqpxq.
We observe that
r3 ´ 3r “ 2pα
3 ´ α2β2q2 ´ 3´1p3α2β´ 3´1β3q2
pα3 ´ α2β2q2 ` 3´1p3α2β´ 3´1β3q2 “
P
Q
.
It follows that TpXq is reducible.
(2) If p “ 2, let ξ be a primitive 3rd root of unity in Fq2 . Suppose that L{K has a generating equation
of the form y3´3y “ a, where a “ PQ , P “ A2, and Q “ A2`AB`B2 for some A and B P Fqrxs
and pA,Bq “ 1. From Lemma 5.5, A`ξB “ pu`ξvqpα`ξβq3 and A`ξ2B “ pu`ξ2vqpα`ξ2βq3,
as A2 ` AB ` B2 “ NpA ` ξBq “ pA ` ξBqpA ` ξ2Bq “ Q, for some u, v P Fq and α, β P Fqptq
with pα, βq “ 1.
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We examine the polynomial X3 ´ 3X ´ a over Fqpξqpxq. We have
a “ Z
2
WpZ ` Wq
for W “ ξA ` B, Z “ A and pW,Zq “ 1 as pA,Bq “ 1. By Theorem 4.1, w “ y2 ` ky is such
that w3 “ b, where
k “ W
7pZ ` Wq5
Z12
and b “ W
4pZ ` Wq2
P3
“
ˆ
W
P
˙3
Wpξ2A` Bq2 “
ˆ
W
P
˙3
Qpξ2A ` Bq.
As Q is a cube by supposition and A`ξB “ pu`ξvqpα`ξβq3 for some u, v P Fq and α, β P Fqptq
with pα, βq “ 1, we have X3´b is reducible over Fqptqpxq if, and only if, X3´3X´ a is reducible
over Fqptqpxq, which is true if, and only if, B ` ξA is a cube in Fqptqpxq. Also, irreducibility of
X3 ´ 3X ´ a over Fqpξqpxq implies that X3 ´ 3X ´ a is irreducible over Fqpxq. Thus, if TpXq is
reducible over Fqpxq, then pB`ξAq is a cube in Fq2pxq. (This follows from the fact that B`ξA
is a cube if, and only if, B ` ξ2A is a cube, as pB ` ξAqpB ` ξ2Aq “ A2 ` AB ` B2 “ Q “ g3.)
Conversely, suppose that B ` ξA is a cube in Fqpξq, say, pB ` ξAq “ pβ` ξαq3. Then
pB ` ξAq “pβ` ξαq3
“α3ξ3 ` 3βα2ξ2 ` 3β2αξ` β3
“α3 ` 3βα2pξ` 1q ` 3β2αξ` β3
“α3 ` βα2 ` β3 ` βαpα` βqξ,
whence B “ α3 ` βα2 ` β3 and A “ βαpα` βq. We now let
r “ α
2 ` β2
β2 ` βα` α2 P Fqpxq.
We then observe that, for this choice of r,
r3 ´ 3r “ P
Q
,
whence TpXq is reducible.

Corollary 5.7. Suppose that q ” ´1 mod 3, and that L{Fqpxq is cubic and Galois, so that there exists
a primitive element z of L{Fqpxq with irreducible polynomial TpXq “ X3 ´ 3X ´ b (see Theorem 5.1).
(1) If p ‰ 2, then b “ PQ where P “ 2pA2 ´ 3´1B2q and Q “ A2 ` 3´1B2, for some A,B P Fqrxs with
pA,Bq “ 1. The extension L{Fqpxq is constant if, and only if, pA` tBq “ pu` tvqpα` tβq3, with
u,v P Fqrxs and u ` tv not a cube in Fq2, where t P Fq2 is a root of the polynomial X3 ` 3´1.
(2) When p “ 2, b “ PQ where P “ A2 and Q “ A2`AB`B2, for some A,B P Fqrxs with pA,Bq “ 1.
The extension L{Fqpxq is constant if, and only if, pB`ξAq “ pu`ξvqpβ`ξαq3, with u, v P Fqrxs
and u ` ξv not a cube in Fq2, where ξ P Fq2 is a primitive third root of unity.
In either case, if L{Fqpxq is constant, then L “ Fq3pxq.
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Proof. We begin by noting that Fq2L{Fq2pxq is constant if, and only if, L{Fqpxq is constant. Indeed, if
L{Fqpxq is constant, then clearly Fq2L{Fq2pxq is constant. If L{Fqpxq is not constant, then as there is
no unramified extension of Fqpxq (see [8, Theorem 6.1.3]), there would be a ramified place in Fqpxq in
L, and then a place of Fq2pxq above this ramified place would also ramify in Fq2L, so that Fq2L{Fq2pxq
would also not be constant.
(1) If p ‰ 2, b “ PQ where P “ 2pA2 ´ 3´1B2q and Q “ A2 ` 3´1B2, for some A and B P Fqrxs and
pA,Bq “ 1. In Fq2pxq, using the notation of the proof of the previous Theorem, we know that
there is w a generator of Fq2L{Fq2pxq such that w3 “ b where
b “ δ3
ˆ´pA ˘ tBq2
A2 ` 3´1B2
˙
“ δ3
ˆ ´pA ˘ tBq2
pA ` tBqpA ´ tBq
˙
“ δ3
ˆ´A˘ tB
A ¯ tB .
˙
and taking
z “ ´w
δ
,
we have that z3 “ A˘tBA¯tB . As Fqpξqrxs is a unique factorisation domain and pA` tBq and pA´ tBq
are coprime, we know that A˘tBA¯tB is a cube if, and only if, pA ` tBq and pA ´ tBq are a cube.
Also, pA ` tBq is a cube if, and only if, A ´ tB is a cube, indeed pA ` tBqpA ´ tBq “ Q and
Q P Fqrxs, thus each factor of pA ` tBq have their conjugates appearing to the same power.
Thus, Fq2 L{Fq2pxq is constant if, and only if, A` tB is a cube up to a non-cube constant in Fq2
(see Lemma 4.6).
(2) If p “ 2, b “ PQ where P “ A2 and Q “ A2`AB`B2, for some A and B P Fqrxs and pA,Bq “ 1.
In Fq2pxq, using the notation of the proof of the previous Theorem, we know that there is w a
generator of Fq2L{Fq2pxq such that w3 “ b where
b “
ˆ
W
P
˙3
pξ2A ` BqpξA ` Bqpξ2A ` Bq “
ˆ
W
P
˙3
pξ2A ` Bq2pξA ` Bq
and taking z “ PwW , then we obtain z3 “ pξ2A`Bq2pξA`Bq. As Fqpξqrxs is a unique factorisation
domain and pξ2A` Bq and pξA ` Bq are coprime, we know that pξ2A ` Bq2pξA` Bq is a cube
if, and only if, pξ2A ` Bq and pξA ` Bq are a cube. Note that pξA ` Bq is a cube if, and only
if, ξ2A`B is a cube, indeed pξA`Bqpξ2A`Bq “ Q and Q P Fqrxs, thus each factor of ξA`B
have their conjugates appearing to the same power. Thus, Fq2L{Fq2pxq is constant if, and only
if, ξA`B is a cube up to a non-cube constant in Fq2 (once again, we refer the reader to Lemma
4.6).

5.3. The Galois action on the generator. The following Theorem describes the Galois action on
the generator z of a cubic Galois extension satisfying a minimal equation of the form X3 ´ 3X´ b “ 0.
This is not as simple as for the Artin-Schreier or Kummer generators (see Theorems 3.3 and 4.5), but
may be concisely described, which we now do here. We note that in the following Theorem, we do not
assume that K “ Fqpxq.
Theorem 5.8. Suppose q ” ´1 mod 3. Let L{K be a Galois cubic extension, and let z be the element
of Corollary 1.4 which has minimal polynomial of the form TpXq “ X3 ´ 3X ´ a. Then, the Galois
action of L{K on z is given in the following way:
σpzq “ ´1 ` 2 f
a
z2 ` f z ` 2p1 ` 2 f q
a
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and
σ2pzq “ 1 ` 2 f
a
z2 ` p´1 ´ f qz ´ 2p1 ` 2 f q
a
for σ P GalpL{Kq, where f is one root of the polynomial
SpXq “
ˆ
1 ´ 4
a2
˙
X2 `
ˆ
1 ´ 4
a2
˙
X `
ˆ
1 ´ 1
a2
˙
.
(Note that ´1 ´ f is the other root of SpXq.) Moreover,
(a) If p ‰ 2, then
f “ ´3
`
a2 ´ 4˘˘ aδ
6 pa2 ´ 4q
where δ2 “ D, with D “ ´27pa2 ´ 4q is the discriminant of the polynomial PpXq “ X3 ´ 3X ´ a.
(b) If p “ 2, a f is a root of the resolvent polynomial RpXq “ X2 ` aX ` p1 ` a2q of TpXq.
Proof. Suppose that q ” ´1 mod 3. Let σ P GalpL{Kq. As σpzq P L, we let
σpzq “ ez2 ` f z ` g,
with e, f, g P K. Then
σ2pzq
“epez2 ` f z ` gq2 ` f pez2 ` f z ` gq ` g
“e3z4 ` e f 2z2 ` eg2 ` 2e2 f z3 ` 2e2gz2 ` 2e f gz ` f ez2 ` f 2z ` f g ` g
“3e3z2 ` e3az ` e f 2z2 ` eg2 ` 6e2 f z ` 2e2 f a ` 2e2gz2 ` 2e f gz ` f ez2 ` f 2z ` f g ` g
“p3e3 ` e f 2 ` f e ` 2e2gqz2 ` pe3a ` f 2 ` 6e2 f ` 2e f gqz ` peg2 ` f g ` g ` 2e2 f aq.
Moreover, as z, σpzq and σ2pzq are the three roots of PpXq and PpXq “ X3 ´ 3X ´ a, we have
Trpzq “ z ` σpzq ` σ2pzq “ 0.
That is,
p3e3 ` e f 2 ` f e ` 2e2g ` eqz2 ` pe3a ` f 2 ` 6e2 f ` 2e f g ` f ` 1qz ` peg2 ` f g ` g ` 2e2 f a ` gq “ 0.
As 1, z, z2 is a basis for L over K, we obtain the system$&
%
3e3 ` e f 2 ` f e ` 2e2g ` e “ 0
e3a ` f 2 ` 6e2 f ` 2e f g ` f ` 1 “ 0
eg2 ` f g ` g ` 2e2 f a ` g “ 0
We note that e ‰ 0, as K does not contain primitive 3rd roots of unity, using the second equation of
the system. Thus, the previous system simplifies to$&
%
3e2 ` f 2 ` f ` 2eg ` 1 “ 0
e3a ` f 2 ` 6e2 f ` 2e f g ` f ` 1 “ 0
eg2 ` f g ` g ` 2e2 f a ` g “ 0
(I)
We denote z1 :“ σpzq, then z2 :“ σ2pzq “ ´z1 ´ z. As the linear coefficient of PpXq is equal to ´3, we
have that
´3 “ zz1 ` zz2 ` z1z2
“ zz1 ` zp´z1 ´ zq ` z1p´z1 ´ zq
“ ´z2 ´ z21 ´ z1z
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“ ´z2 ´ pez2 ` f z ` gq2 ´ zpez2 ` f z ` gq
“ ´z2 ´ e2z4 ´ f 2z2 ´ g2 ´ 2e f z3 ´ 2egz2 ´ 2 f gz ´ ez3 ´ f z2 ´ gz
“ ´z2 ´ 3e2z2 ´ ae2z ´ f 2z2 ´ g2 ´ 6e f z ´ 2e f a ´ 2egz2 ´ 2 f gz ´ 3ez ´ ea ´ f z2 ´ gz
“ ´p1 ` 3e2 ` f 2 ` 2eg ` f qz2 ´ pae2 ` 6e f ` 2 f g ` 3e ` gqz ´ pg2 ` ea ` 2e f aq.
We therefore obtain the following system:$&
%
1 ` 3e2 ` f 2 ` 2eg ` f “ 0
ae2 ` 6e f ` 2 f g ` 3e ` g “ 0
g2 ` ea ` 2e f a ´ 3 “ 0
(II)
As the constant coefficient is equal to ´a, we must have
a “ zz1z2 “ zz1p´z1 ´ zq “ ´zz21 ´ z2z1
“ ´rzpez2 ` f z ` gq2 ` z2pez2 ` f z ` gqs
“ ´pe2z5 ` f 2z3 ` g2z ` 2e f z4 ` 2egz3 ` 2 f gz2 ` ez4 ` f z3 ` gz2q
“ ´p3e2z3 ` e2az2 ` 3 f 2z ` f 2a ` g2z ` 6e f z2 ` 2e f az ` 6egz ` 2ega
` 2 f gz2 ` 3ez2 ` eaz ` 3 f z ` f a ` gz2q
“ ´p9e2z ` 3e2a ` e2az2 ` 3 f 2z ` f 2a ` g2z ` 6e f z2 ` 2e f az ` 6egz ` 2ega
` 2 f gz2 ` 3ez2 ` eaz ` 3 f z ` f a ` gz2q
“ ´pe2a ` 6e f ` 2 f g ` 3e ` gqz2 ´ p9e2 ` 3 f 2 ` g2 ` 2e f a ` 6eg ` ea ` 3 f qz
´ p3e2a ` f 2a ` 2ega ` f aq.
This leads $&
%
e2a ` 6e f ` 2 f g ` 3e ` g “ 0
9e2 ` 3 f 2 ` g2 ` 2e f a ` 6eg ` ea ` 3 f “ 0
3e2a ` f 2a ` 2ega ` f a ` a “ 0
As a ‰ 0, the system becomes$&
%
e2a ` 6e f ` 2 f g ` 3e ` g “ 0
9e2 ` 3 f 2 ` g2 ` 2e f a ` 6eg ` ea ` 3 f “ 0
3e2 ` f 2 ` 2eg ` f ` 1 “ 0
(III)
Together, the systems (I), (II), (III) yield the system of six equations$’’’’’’&
’’’’’’%
3e2 ` f 2 ` f ` 2eg ` 1 “ 0 p1q
e3a ` f 2 ` 6e2 f ` 2e f g ` f ` 1 “ 0 p2q
eg2 ` f g ` 2g ` 2e2 f a “ 0 p3q
ae2 ` 6e f ` 2 f g ` 3e ` g “ 0 p4q
g2 ` ea ` 2e f a ´ 3 “ 0 p5q
9e2 ` 3 f 2 ` g2 ` 2e f a ` 6eg ` ea ` 3 f “ 0 p6q
Subtracting Eq. (2) from (1) then yields
0 “ 3e2 ` f 2 ` f ` 2eg ` 1 ´ pe3a ` f 2 ` 6e2 f ` 2e f g ` f ` 1q “ 3e2 ` 2ge ´ e3a ´ 6e2 f ´ 2 f ge.
Thus, as e ‰ 0 (because K does not contain primitive 3rd roots of unity), division by e yields
3e ` 2g ´ e2a ´ 6e f ´ 2 f g “ 0. p7q
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The sum of Eqs. p4q and p7q implies 6e ` 3g “ 0. As p ‰ 3, it follows that
g “ ´2e. p˚q
By substitution of this identity in Eq. p4q, we obtain
ae2 ` 2e f ` e “ ae2 ` 6e f ´ 4e f ` 3e ´ 2e “ 0.
As e ‰ 0 and a ‰ 0, it follows that ae ` 2 f ` 1 “ 0, and hence that
e “ ´1 ` 2 f
a
. p˚˚q
Eq. (1) then reads as
0 “ 3e2 ` f 2 ` f ´ 4e2 ` 1 “ ´e2 ` f 2 ` f ` 1
“ ´
ˆ
´1 ` 2 f
a
˙2
` f 2 ` f ` 1 “ ´p1 ` 4 f ` 4 f
2q
a2
` f 2 ` f ` 1
“
ˆ
1 ´ 4
a2
˙
f 2 `
ˆ
1 ´ 4
a2
˙
f `
ˆ
1 ´ 1
a2
˙
˝ If p ‰ 2, the discriminant of the polynomial
SpXq :“
ˆ
1 ´ 4
a2
˙
X2 `
ˆ
1 ´ 4
a2
˙
X `
ˆ
1 ´ 1
a2
˙
is equal to
∆ “
ˆ
1 ´ 4
a2
˙2
´ 4
ˆ
1 ´ 4
a2
˙ˆ
1 ´ 1
a2
˙
“
ˆ
1 ´ 4
a2
˙ˆˆ
1 ´ 4
a2
˙
´ 4
ˆ
1 ´ 1
a2
˙˙
“ ´3
ˆ
1 ´ 4
a2
˙
“ 1
9a2
D,
where D “ ´27pa2 ´ 4q is the discriminant of the polynomial X3 ´ 3X ´ a, which is a square
as L{K is a Galois. Thus ∆ is a square. Thus SpXq has a root and f can be chosen as one of
these roots. The latter together with p˚q and p˚˚q give part paq of the Theorem.
˝ If p “ 2, by definition, the resolvent RpXq of TpXq is equal to
RpXq “ X2 ` aX ` 1 ` a2
and has a root that we denote γ, as L{K is Galois. We observe that
SpXq “ RpXq{a2 “ Y2 ` Y ` 1 ` 1{a2
where Y “ X{a. Thus, γa is a root of SpXq. The later together with p˚q and p˚˚q give part pbq
of the Theorem.
Lastly, we give a brief verification that e, g, and f as defined satisfy the equations p1q´p6q. Equations
p1q and p4q have already been verified before. Via the substitution g “ ´2e, Eq. p2q becomes
0 “ e3a ` f 2 ` 6e2 f ` 2e f g ` f ` 1 “ e3a ` 6e2 f ` 2e f g ` e2,
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which becomes p41q by division of e2. Via the substitutions g “ ´2e and e “ ´ 1`2 fa , Eq. p3q becomes
eg2 ` f g ` 2g ` 2e2 f a “ 4e3 ´ 2 f e ´ 4e ` 2e2 f a
“ ep4e2 ´ 2 f ´ 4 ` 2e f aq
“ ep4e2 ´ 2 f ´ 4 ´ 2 f ´ 4 f 2q
“ ´4ep´e2 ` 1 ` f ` f 2q “ 0,
which is satisfied as Eq. p1q is satisfied. Once again via substitution with g “ ´2e and e “ ´ 1`2 fa ,
Eq. p5q becomes
0 “ 4e2 ` ea ` 2e f a ´ 3 “ 4e2 ´ 4 f ´ 4 f 2 ´ 4 “ ´4p´e2 ` f ` f 2 ` 1q,
which is satisfied as Eq. p1q is satisfied. Finally, via substitution with g “ ´2e and f ` f 2 “ e2 ´ 1,
Eq. p6q becomes
0 “ 9e2 ` 3 f 2 ` 4e2 ` 2e f ´ 12e2 ` ea ` 3 f “ 4e2 ´ 3 ` ea ` 2e f a,
which is satisfied as p5q is satisfied. 
5.4. Generators with minimal equation X3 ´ 3X´ a “ 0. The following Theorem gives the form
of any generator with minimal equation X3 ´ 3X ´ a “ 0 for some a P K. This result is equivalent to
Lemma 3.2 and 4.4. In particular, we discover that there are infinitely many of those for a given Galois
extension of this form. We give the proof in the Appendix for clarity and brevity, as the argument is
quite long.
Theorem 5.9. Suppose that q ” ´1 mod 3. Let Li “ Kpziq{K (i “ 1, 2) be two cyclic extensions of
degree 3 such that z3
i
´ 3zi “ ai P K. The following are equivalent:
(1) L1 “ L2;
(2) z2 “ φz21 ` χz1 ´ 2φ, where φ, χ P K satisfy the equation χ2 ` a1φχ` φ2 “ 1.
Moreover, if K “ Fqpxq, when the above conditions are satisfied, then:
(a) If p ‰ 2, there are relatively prime polynomials C,D P Fqrxs
φ “ 12CDQ1
δpD2 ` 3´1C2q and χ “
´6P1CD˘ δpC2 ´ 3´1D2q
δpD2 ` 3´1C2q ,
where δ P K is such that δ2 “ Q2
1
dL{Fqpxq and a1 “ P1{Q1, P1, Q1 P Fqrxs with pP1,Q1q “ 1 and
a2 “ p´2 ` a21qφ3 ` 3a1φ2χ` 6φχ2 ` a1χ3.
(b) If p “ 2,
(i) if φ “ 0, then χ “ ˘1. If χ “ 1, then a2 “ a1, and if χ “ ´1, then a2 “ ´a1.
(ii) if φ ‰ 0, then χ{pa1φq is a solution of
X2 ´ X ´ φ
2 ´ 1
a1φ
“ 0
and
a2 “ a1pa1φ3 ` φ2χ` χ3q.
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5.5. Ramification and splitting. The next Theorem studies the ramification for cubic extensions
with a primitive element y whose minimal equation is of the form y3 ´ 3y´ a “ 0. From it, we obtain
the ramification of the extension via the decomposition of the denominator of a into prime factors.
Before doing this, we observe via the following Lemma that the valuation of such an element y at an
infinite place is always nonnegative.
Lemma 5.10. Let p ‰ 3 and q ‰ 1 mod 3. Let L{Fqpxq be a Galois cubic extension with primitive
element z, which has minimal polynomial over Fqpxq equal to TpXq “ X3 ´ 3X´ a. Then the place p8
corresponding to the pole divisor of x in Fqpxq satisfies vp8pbq ě 0.
Proof. By contradiction, suppose that the pole divisor p8 of x in Fqpxq satisfies vp8paq ă 0. By
Theorem 5.1, with a “ P{Q for relatively prime P,Q, there exist A,B P Fqrxs relatively prime such
that
P “ 2pA2 ´ 3´1B2q, and Q “ A2 ` 3´1B2.
In particular, as vp8paq ă 0, it follows that
deg
ˆ
1
2
rA2 ´ 3´1B2s
˙
“ degpPq ą degpQq “ deg
ˆ
1
4
rA2 ` 3´1B2s
˙
.
Let m “ degpAq and n “ degpBq, with A “ řmi“0 aixi and B “ řnj“0 b jx j. By the previous inequality,
we obtain degpA2 ` 3´1B2q ă maxtm, nu, which implies that m “ n and a2n ` 3´1b2n “ 0. Thus
p´3q´1 “ pbn{anq2, which is a square in Fq, contradicting that q ” ´1 mod 3. 
In general, let L{Fqpxq be a cubic function field. The discriminant discxpLq of L over Fqrxs is equal to
the discriminant of any basis of the integral closure OL of L over Fqrxs. If ω is a generator of L{Fqpxq
which is integral over Fqrxs, the discriminant ∆pωq of ω differs from the discriminant discxpLq by an
integral square divisor, which we denote by I “ indpωq; in particular, we have ∆pωq “ I2discxpLq.
By definition, we also have pdiscxpLqqFqrxs “ pBL{FqpxqqFqrxs, where BL{Fqpxq is the discriminant ideal of
L{Fqpxq [8, Definition 5.6.8]. In the following Theorem, we prove for our extensions that the place p8
at infinity for x is unramified in L, which in turn implies that p8 does not appear in BL{Fqpxq, whence
BL{Fqpxq “ pBL{FqpxqqFqrxs.
Theorem 5.11. Suppose q ” ´1 mod 3. Let L{Fqpxq be a Galois cubic geometric extension and y a
primitive element with f pyq “ y3 ´ 3y ´ a “ 0. Then the ramified places of Fqpxq in L are precisely
the places p of Fqpxq such that vppaq ă 0 and pvppaq, 3q “ 1.
Proof. We first prove that all places p of Fqpxq such that vppaq ă 0 and pvppaq, 3q “ 1 are fully ramified
in L. Suppose that p is a place of Fqpxq, vppaq ă 0 and pvppaq, 3q “ 1. Let P be a place of L which lies
above a place p of K, we denote epP|pq the ramification index. As
vPpaq “ vPpy3 ´ 3yq ă 0,
then vPpyq ă 0. Indeed, if vPpyq “ 0, then vPpy3 ´ 3yq ě vPpyq “ 0, and if vPpyq ‰ 0 then vPpy3q ‰
vPp´3yq, and if vPpyq ą 0, then vPpy3 ´ 3yq “ vPpyq ą 0. It follows that vPpy3 ´ yq “ 3vPpyq ă 0.
As vPpaq “ epP|pqvppaq, we obtain that 3 divides epP|pqvppaq. As pvppaq, 3q “ 1, it follows that 3
must divide epP|pq. In particular, epP|pq ě 3. As the other direction of the inequality holds by basic
number theory, it follows that epP|pq “ 3, and that p is fully ramified in L. We now prove that a place
p of Fqpxq is unramified in L whenever vppaq ě 0. For the minimal polynomial f pXq “ X3 ´ 3X ´ a,
we have
f 1pXq “ 3X2 ´ 3 “ 3pX2 ´ 1q “ 3pX ´ 1qpX ` 1q.
Let P be a place of L which lies above the place p of K. By [7, Theorem 3.5.10(a)], if P does not
divide f 1pyq “ 3py ´ 1qpy ` 1q, then 0 ď dpP|pq ď vPp f 1pyqq “ 0. Hence P would not appear in the
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different, and p would be unramified in P. The same is also true for any root of f pXq; these roots are
precisely y, σpyq, and σ2pyq. Furthermore, as vppaq ě 0 and each of y, σpyq, and σ2pyq is a root of
f pXq, it follows that vPpyq, vPpσpyqq and vPpσ2pyqq are all nonnegative. Suppose then for the sake of
contradiction that P divides 3py ´ 1qpy ` 1q. Then it is necessary that P divides py ´ 1q or py ` 1q,
as P is prime. The place P must also divide pσpyq ´ 1q or pσpyq ` 1q, and pσ2pyq ´ 1q or pσ2pyq ` 1q
(Ibid.). Let a0, a1, a2 P t´1, 1u such that P|py ` a0q, P|pσpyq ` a1q, and P|pσ2pyq ` a2q. Thus we have
py ` a0q ` pσpyq ` a1q ` pσ2pyq ` a2q ” 0 mod P.
By construction, we have that the trace of f pXq is equal to y` σpyq ` σ2pyq “ 0. We therefore obtain
a0 ` a1 ` a2 “ py ` a0q ` pσpyq ` a1q ` pσ2pyq ` a2q ” 0 mod P.
As a0, a1, a2 P t´1.1u and p ‰ 3, this is a contradiction. Thus P does not divide 3py´ 1qpy` 1q and P
does not appear in the different. As the constant field is finite, all places are separable, in particular
p, and so by [8, Proposition 5.6.9], it follows that p is unramified in L.
We now suppose that vppaq ă 0 and that 3|vppaq. In particular we have that p ‰ px,8. We write
a “ α
γ3β
with α, β, γ P Fprxs, β is cube-free and pα, γ3βq “ 1. It follows that p appears in γ, and that
vppαq “ vppβq “ 0. The transformation y “ z{γ then yieldsˆ
z
γ
˙3
´ 3
ˆ
z
γ
˙
´ α
γ3β
“ 0, or z3 ´ 3γ2z ´ α
β
“ 0.
Substituting u{β “ z gives usˆ
u
β
˙3
´ 3γ2
ˆ
u
β
˙
´ α
β
“ 0, or u3 ´ 3γ2β2u ´ β2α “ 0.
The element u is integral over Fqrxs. In particular, the Fqrxs-ideal Iu generated by t1, u, u2u is
contained in the integral closure OL of Fqrxs in L. The determinant of the transformation matrix from
an integral basis of OL to Iu, which is equal to a constant multiple of indpuq, is contained in Fqrxs,
from which it then follows that indpuq P Fqrxs. We also have by definition that
discpuq “ indpuq2discxpLq.
Thus discxpLq|discpuq in Fqrxs. By definition, the irreducible polynomial of u over K is equal to
SpXq “ X3 ´ AX ` B where A “ 3γ2β2 and B “ ´β2α. Thus
discpSq :“ discpuq “ 4A3 ´ 27B2 “ 4p3γ2β2q3 ´ 27p´β2αq2.
As vppαq “ vppβq “ 0 and vppγq ą 0, it follows by the strict triangle inequality that vppdiscpuqq “ 0.
As discxpLq|discpuq in Fqrxs, it follows that vppdiscxpLqq “ 0. As the constant field is finite, all places
are separable, in particular p, and so by [8, Proposition 5.6.9], it follows that p is unramified in L. 
By Lemma 5.9 and Theorem 5.10, we immediately obtain the following Corollary.
Corollary 5.12. Suppose q ” ´1 mod 3. Let L{Fqpxq be a cubic extension and y a primitive element
with f pyq “ y3 ´ 3y ´ a “ 0. Then the place p8 at infinity for x is unramified in L.
Remark 5.13. By Theorem 5.3, we know that only places corresponding to polynomials of even
degree can be ramified in cubic extensions with a primitive element y whose minimal equation is of
the form y3 ´ 3y ´ a “ 0.
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Theorem 5.14 (Riemann-Hurwitz). Suppose q ” ´1 mod 3. Let L{Fqpxq be a Galois cubic geometric
extension and y a primitive element with f pyq “ y3 ´ 3y ´ a “ 0. Then the genus gL of L is given
according to the formula
gL “ ´2 `
ÿ
vppaqă0
pvppaq,3q“1
degppq,
where degppq denotes the degree of a place p of Fqpxq.
Proof. As rL : Fqpxqs “ 3 and L{Fqpxq is Galois, it follows that all ramification indices are either equal
to 1 or 3. Thus for a place p of Fqpxq which ramifies in L, we have for P|p that, with p “ charpFqq,
pepP|pq, pq “ p3, pq “ 1, whence by [8, Theorem 5.6.3], the differential exponent αpP|pq satisfies
αpP|pq “ epP|pq ´ 1 “ 2.
Furthermore, by Theorem 5.10, the places p of Fqpxq which ramify in L are precisely those for which
vppaq ă 0 and pvppaq, 3q “ 1. We let dL denote the degree function on the divisors of L; we therefore
also let dLpPq denote the degree of a place P of L. As L{Fqpxq is of prime degree, it follows that
dLpPq “ degppq for all ramified places p of Fqpxq in L and P|p. We thus obtain by the Riemann-
Hurwitz formula (see for example [Ibid., Theorem 9.4.2])
gL “ 1 ` rL : FqpxqspgFqpxq ´ 1q `
1
2
dL
´
DL{Fqpxq
¯
“ ´2 ` 1
2
ÿ
P|p
vppaqă0
pvppaq,3q“1
dLpP2q
“ ´2 `
ÿ
vppaqă0
pvppaq,3q“1
degppq.
Hence the result. 
We now examine the valuation of a generator y of a cubic extension whose minimal equation is of
the form y3 ´ 3y ´ a “ 0.
Theorem 5.15. Suppose that q ” ´1 mod 3, and that L{Fqpxq is cubic and Galois. For any place p
of K, denote by P a place above p in L. We denote by p8 the place at infinity in Fqpxq for x. Let y
of L{Fqpxq be a primitive element with minimal polynomial f pXq “ X3 ´ 3X ´ a where a P Fqpxq. Let
a “ α{γ3β be the factorisation of a in Fqpxq, where α, β, γ P Fqrxs, pα, γ3βq “ 1, and β is cube-free. Let
P1 “ σpPq and P2 “ σ2pPq, where σ is a generator of GalpL{Fqpxqq. Then:
(1) If p|β, then vPpyq “ vppaq “ ´vppγ3βq.
(2) If p|γ and p ∤ β, then vPpyq “ ´vppγq.
(3) If p|α, then the places P,P1,P2 are distinct, and exactly one element of tvPpyq, vP2pyq, vP1pyqu
is equal to vppaq, and the other valuations in this set are equal to 0.
(4) For the place p8:
(a) If vp8paq “ 0, then vP8pyq “ vP81pyq “ vP82pyq “ 0.
(b) If vp8paq ą 0 then the places tP8,P81,P82u are distinct, exactly one of vP8pyq, vP82pyq,
vP81pyq is equal to vp8paq, and the two other valuations in this set are equal to 0.
(5) For any other place p of K, vPpyq “ 0.
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Proof. Suppose that p|β. By Theorem 5.11, we know that p is (fully) ramified in L. By the identity
y3 ´ 3y “ a, it follows as in the proof of Theorem 5.11 that, for the unique place P of L above p,
vPpyq ă 0. Thus
3vPpyq “ mintvPpy3q, vPp3yqu “ vPpy3 ´ 3yq “ vPpaq “ 3vppaq,
whence vPpyq “ vppaq.
Suppose that p|γ and p ∤ β. By Theorem 5.11, we know that p is unramified in L. Let P be a place
of L above p. Analogously to the previous case, we have that as vppaq ă 0, so must
3vPpyq “ mintvPpy3q, vPp3yqu “ vPpy3 ´ 3yq “ vPpaq “ vppaq ă 0,
and thus that
3vPpyq “ vppaq “ ´vppγ3q “ ´3vppγq.
Hence vPpyq “ ´vppγq.
Suppose that p|α. From the generating polynomial X3 ´ 3X ´ a for y and its conjugates σpyq and
σ2pyq, we obtain by the non-Archimedean property that if vPpwq ą 0 for one of w P ty, σpyq, σ2pyqu,
then vPpwq “ vppaq.
Furthermore, vppaq ě 0 implies that vPpyq ě 0, vPpσpyqq ě 0, and vPpσ2pyqq ě 0. By definition of the
minimal polynomial for y, we have
X3 ´ 3X ´ a “ pX ´ yqpX ´ σpyqqpX ´ σ2pyqq,
and thus that ´y ¨ p´σpyqq ¨ p´σ2pyqq “ ´a, whence yσpyqσ2pyq “ a. Therefore,
vppaq “ vPpaq “ vPpyσpyqσ2pyqq “ vPpyq ` vPpσpyqq ` vPpσ2pyqq.
As vPpwq P t0, vppaqu, therefore, we obtain that one, and only one, w P ty, σpyq, σ2pyqu has vPpwq ‰ 0,
for this w that vPpwq “ vppaq, and that the valuations of the other two conjugates at P are equal to
0. Note that
vPpσpwqq “ vσpσ´1pPqqpσpwqq “ vσ´1pPqpwq “ vP2pwq
and
vPpσ2pwqq “ vσ2pσ´2pPqqpσ2pwqq “ vσ´2pPqpwq “ vP1pwq.
Thus, as one of tvP1pwq, vP2pwqu is distinct from vPpwq, it follows that at least two of the places
tP,P1,P2u are distinct. By [8, Corollary 5.2.23], as L{Fqpxq is Galois, we have e f r “ rL : Fqpxqs “ 3,
where e “ epP|pq is the ramification index of P|p, f “ f pP|pq the inertia degree of P|p, and r the
number of places of L above p. We have shown that r ą 1. As r | rL : Fqpxqs “ 3, it follows that r “ 3,
and that P, P1, and P2 are distinct. The result follows.
For the place p “ p8, we have by Lemma 5.10, that vp8paq ě 0. If vp8paq “ 0, then automatically
vP8pyq “ vP81pyq “ vP82pyq “ 0 “ vp8paq.
If vp8paq ą 0, then the valuation of y is positive at one, and only one, place P8 of L above p8;
the proof of this is just the same as that for a place p dividing α, and for the place P8, we obtain
vP8pyq “ vp8paq. 
Finally, we study the splitting behaviour of the unramified places for cubic extensions with a prim-
itive element y whose minimal equation is of the form y3 ´ 3y ´ a “ 0. (Note that as rL : Fqpxqs “ 3,
splitting is trivial for all (fully) ramified places.)
Theorem 5.16. Let q ” ´1 mod 3, and let L{Fqpxq be a Galois cubic geometric extension with
generating equation X3 ´ 3X ´ a “ 0, where a P Fqpxq. Let p be a place of Fqpxq which is unramified
in L and kppq the residue field of Fqpxq at p.
(1) If vppaq ą 0, then p is totally split in L.
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(2) If vppaq ă 0, then vppaq “ ´3m, the place p is finite, and |kppq| ” 1 mod 3. The place p splits
completely in L if, and only if, the reduction f 3mp a mod p is a cube in kppq where fp P Fqrxs is
the irreducible polynomial associated with p. Otherwise, p is inert in L.
(3) If vppaq “ 0, then
(a) If p ą 3, then p is inert in L if, and only if,
(i) |kppq| ” 1 mod 3 and 12pa ` δq is not a cube in kppq, where δ2 “ a2 ´ 4, or
(ii) |kppq| “ q “ 5 and a “ ˘1.
Furthermore, with a “ PQ with P,Q P Fqrxs, pP,Qq “ 1, Let A,B P Fqrxs relatively prime be
given as in Theorem 5.1 such that
P “ 2pA2 ´ 3´1B2q and Q “ A2 ` 3´1B2.
If vppaq “ 0 and |kppq| ” 1 mod 3, then p is inert if, and only if, A`
?´3´1B
A´?´3´1B is not a cube
mod p.
(b) If p “ 2, then with |kppq| “ 2n and tr : kppq Ñ F2 the trace map
trpαq “ α` α2 ` α22 ` ¨ ¨ ¨ ` α2n´1 ,
the place p is inert in L if, and only if, trp1{a2q “ trp1q and
(i) |kppq| ” 1 mod 3 and the roots of T2 ` aT ` 1 are not cubes in F2n “ kppq, or
(ii) |kppq| ” 2 mod 3 and the roots of T2 ` aT ` 1 are not cubes in F22n “ kppqp
?´3q.
We note that the roots of T2 ` aT ` 1 lie in F2n, respectively, F22n , depending on whether
trp1{a2q “ 0 or trp1{a2q “ 1.
Proof. Throughout what follows in this proof, we will use P to denote a place of L above p.
1. This is immediate from Theorem 5.15 (3) and (4).
2. If vppaq ă 0, then by Theorem 5.11 and Corollary 5.12, 3|vppaq and the place p must be finite.
Moreover, p is of even degree by Theorem 5.3, and as a consequence, |kppq| ” 1 mod 3. Let
fp denote the irreducible polynomial corresponding to the place p, and let m P Z be such that
vppaq “ ´3m. Then, z “ f mp y is a root of the polynomial X3 ´ 3 f 2mp X´ f 3mp a, and vpp f 3mp aq “ 0. In
particular, we have
X3 ´ 3 f 2mp X ´ f 3mp a ” X3 ´ f 3mp a mod p.
Thus, p is inert in L if, and only if, X3 ´ f 3mp a is irreducible over kppq, which occurs if, and only if,
f 3mp a mod p P kppq is not a cube in kppq, and otherwise, as L{Fqpxq is Galois of prime degree 3, p
is completely split in L.
3. If vppaq “ 0, we let a P kppq be the reduction of a modulo p.
(a) We first suppose that p ą 3.
i. Suppose that |kppq| ” 1 mod 3. Thus, ´3 is a square in kppq and kppqp?´3q “ kppq. The
discriminant of X3 ´ 3X ´ a is equal to ∆ “ ´27pa2 ´ 4q, and it is a square as L{Fqpxq is
Galois. As ´3 is a square, the same is true for a2 ´ 4. Thus, there is δ P Fqpxq such that
a2 ´ 4 “ δ2. By [2, Theorem 3], the reduced polynomial X3´ 3X´ a is irreducible over kppq
if, and only if, (1) its discriminant is a square in kppq and (2) the element 12pa` δq is not a
cube in kppq. As p1q is always true as ∆ is a square, it follows that p is inert if, and only if,
1
2pa ` δq is not a cube in kppq.
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Moreover, by Theorem 5.1, writing a “ PQ with P,Q P Fqrxs, pP,Qq “ 1, we know that there
exist coprime A,B P Fqrxs such that
P “ 2pA2 ´ 3´1B2q and Q “ A2 ` 3´1B2,
whence
∆ “ 122 A
2B2
pA ` 3´1B2q2 .
By definition, we also have
δ2 “ a2 ´ 4 ” ´1
3
16A2B2
pA2 ` 3´1B2q2 mod p,
and hence
δ ” 4
?
´3´1
ˆ
AB
A2 ` 3´1B2
˙
mod p.
Therefore,
1
2
pa ` δq ” 1
2
˜
2pA2 ´ 3´1B2q
A2 ` 3´1B2 `
4?´3
ˆ
AB
A2 ` 3´1B2
˙¸
mod p
” A`
?´3´1B
A´ ?´3´1B mod p.
ii. If |kppq| ” 2 mod 3, then again by [2, Theorem 3], the irreducible cubic polynomials in
kppqrXs are given by
(4) X3 ´ 3Xν´ 13 p|kppq|´2qp|kppq|`1q ´ ν´ ν|kppq| “ 0,
where ν P kppqp?´3q is not a cube in kppqp?´3q. Thus, if X3 ´ 3X ´ a is an irreducible
polynomial in kppqrXs, then
ν´
1
3 p|kppq|´2qp|kppq|`1q “ 1
for a non-cube ν P kppqp?´3q. We also have
1
3
p|kppq| ´ 2qp|kppq| ` 1q “ 1
3
|kppq|2 ´ 1
3
|kppq| ´ 2
3
ă |kppq|2 ´ 1.
As ν P kppqp?´3q, it must also be true that ν is a p|kppq|2 ´ 1qst root of unity. Thus
1
3
p|kppq| ´ 2qp|kppq| ` 1q
ˇˇˇ
p|kppq|2 ´ 1q “ p|kppq| ´ 1qp|kppq| ` 1q,
so that 13p|kppq| ´ 2q divides p|kppq| ´ 1q, i.e.,
p|kppq| ´ 2q
ˇˇˇ
3p|kppq| ´ 1q.
As p|kppq| ´ 2, |kppq| ´ 1q “ 1, we obtain p|kppq| ´ 2q|3. As |kppq| ě p ą 3, it follows that
|kppq| “ p “ 5. Hence
1 “ ν´ 13 p|kppq|´2qp|kppq|`1q “ ν´6,
so that by (4), a “ ν5 ` ν for the non-cube 6th root of unity ν. Let ζ P kppqp?´3q “ F25
be a primitive 6th root of unity. As ν is a non-cube in F25, it follows that ν “ ζi for some
i “ 1, 2, 4, 5, and thus that ν is either a primitive 3rd or 6th root of unity. In the case that
ν is a primitive 3rd root of unity, we have
a “ ν` ν5 “ ν` ν2 “ ´1,
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whereas when ν is a primitive 6th root of unity, as ν2 “ ν´ 1, we have
ν` ν5 “ ν` νpν´ 1q2 “ ν3 ´ 2ν2 ` 2ν “ νpν ´ 1q ´ 2pν ´ 1q ` 2ν “ ν2 ´ ν` 2 “ 1.
It follows that p is inert in L if, and only if, |kppq| “ q “ 5 and a “ ˘1.
(b) If vppaq “ 0 and p “ 2, then by [9, Theorem 1], the polynomial
X3 ´ 3X ´ a “ X3 ` X ` a P kppqrXs
is irreducible if over kppq, and only if, trp´27{a2q “ trp1q and the roots of
T2 ´ aT ` p´3q3 “ T2 ` aT ` 1 P kppqrTs
are not cubes in kppqp?´3q. The result then follows by noting that ?´3 P F2n “ kppq if, and
only if, |kppq| ” 1 mod 3, and otherwise that kppqp?´3q “ F22n .

5.6. Integral basis. The next result gives an explicit integral basis for a Galois extension with gen-
erating equation y3 ´ 3y´ a “ 0. We treat the cases p ‰ 2 and p “ 2 separately within this Theorem,
as discriminants exhibit different properties in each case.
Theorem 5.17. Let q “ ´1 mod 3. Let L{Fqpxq be a Galois cubic geometric extension with generator
y which satisfies the equation y3 ´ 3y ´ a “ 0, where a P Fqpxq. As before, we let a “ α{pγ3βq where
pα, βγq “ 1 and β is cube-free. Furthermore, let β “ β1β22, where β1 and β2 are squarefree, let OL be
the integral closure of Fqrxs in L, and let ω “ γβ1β2y.
(1) Suppose that p ‰ 2. Let A and B be as in Theorem 5.1. Then θ, κ P Fqrxs may be chosen so
that
θ ” ´αp2γ2q´1β´1
2
mod pABq2 and θ ” γβ1β2 mod β21,
κ ” ´2pγβ1β2q2 mod pABq2β21,
δ P Fqrxs may be chosen freely, and the set
I “
!
1, ω` δ, pABq´1β´1
1
pω2 ` θω` κq
)
forms a basis of OL over Fqrxs.
(2) Suppose that p “ 2. Let A and B be as in Theorem 5.1. An integral basis of the form B “
t1, ω`S, pω2`Tω`Rq{Iu exists for some S,T,R P Fqrxs, where T “ γβ1β2`Aβ1H and H P Fprxs
is chosen such that
A ` B “ AG ` β1γ2β2H,
for some G P Fqrxs.
Remark 5.18. Such a choice of H as in Theorem 5.17(2) always exists, as pB, β1γβ2q “ 1 from
pA,Bq “ 1.
Proof. The element z “ γβy satisfies the equation
z3 ´ 3γ2β2z ´ αβ2 “ 0,
and z is integral over Fqrxs. Furthermore, for each finite place p of Fqpxq, let fp P Fqrxs be the
polynomial associated with p, and let
β1 “
ź
p|β
vppβq“1
fp and β2 “
ź
p|β
vppβq“2
fp.
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Hence β “ β1β22, and the generating equation for z may therefore be written as
z3 ´ 3γ2β21β42z ´ αβ21β42 “ 0.
Division of this equation by β3
2
and replacing z with ω “ β´1
2
z “ γβ1β2y yields the equation
ω3 ´ 3γ2β21β22ω´ αβ21β2 “ 0.
By definition, the discriminant of ω is equal to
∆pωq “ 108γ6β61β62 ´ 27α2β41β22 “ 27β41β22p4γ6β21β42 ´ α2q “ 27β41β22p4γ6β2 ´ α2q.
Let DL{Fqpxq be the different of L{Fqpxq [8, Section 5.6]. As the residue field extensions of a (fully)
ramified prime p of Fqpxq in K are trivial, it follows from the definition of DL{Fqpxq and the fact that
the place p8 is unramified in K that
BL{Fqpxq “ NL{FqpxqpDL{Fqpxqq “ NL{Fqpxq
¨
˝ź
P|β
P2
˛
‚“ ź
P|p|β
p2 f pP|pq “
ź
p|β
p2 “ ppβ1β2q2qFqrxs,
where we let P denote a place of K above p.
(1) Suppose that p ‰ 2. By Theorem 5.1, there exist coprime A,B P Fqrxs such that
α “ 2pA2 ´ 3´1B2q and γ3β1β22 “ γ3β “ A2 ` 3´1B2.
It follows that
4γ6β2 ´ α2 “ 4pγ3βq2 ´ α2
“ 4 `A2 ` 3´1B2˘2 ´ `2 “A2 ´ 3´1B2‰˘2
“ 16
3
pABq2.
Thus,
∆pωq “ 16
3
β41β
2
2pABq2.
We wish to show that
I “
!
1, ω, pABq´1β´1
1
pω2 ` θω` κq
)
forms an integral basis of OK over Fqrxs, where θ and κ are polynomials in Fqrxs which are
chosen (the former by the Chinese Remainder Theorem) so that
θ ” ´αp2γ2q´1β´1
2
mod pABq2 and θ ” γβ1β2 mod β21,
and
κ ” ´2pγβ1β2q2 mod pABq2β21.
We first prove that pABq´1β´1
1
pω2 ` θω` κq is integral over Fqrxs, i.e.,
ω2 ` θω` κ ” 0 mod ABβ1.
We have
pω2 ` θω` κq2 “ ω4 ` 2θω3 ` p2κ` θ2qω2 ` 2θκω` κ2
“ pω` 2θqω3 ` p2κ` θ2qω2 ` 2θκω` κ2
“ pω` 2θqp3γ2β21β22ω` αβ21β2q ` p2κ` θ2qω2 ` 2θκω` κ2
“ p3γ2β21β22 ` 2κ` θ2qω2 ` pαβ21β2 ` 6θγ2β21β22 ` 2θκqω` 2θαβ21β2 ` κ2.
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By definition of θ, we have
θ ” ´αp2γ2q´1β´1
2
mod pABq2,
and hence that
θ2 ” α2p4γ4q´1β´2
2
mod pABq2
” γ2β2β´2
2
mod pABq2
” γ2β21β42β´22 mod pABq2
” γ2β21β22 mod pABq2.
Therefore
3γ2β21β
2
2 ` 2κ` θ2 “ 3γ2β21β22 ` 2κ` θ2
” 3γ2β21β22 ´ 4pγβ1β2q2 ` pγβ1β2q2 mod pABq2
” 0 mod pABq2.
Also by definition of θ, we obtain that
θ2 ” pγβ1β2q2 mod β21
” 0 mod β21.
Thus, by definition of κ, it follows that
3γ2β21β
2
2 ` 2κ` θ2 “ 3γ2β21β22 ` 2κ` θ2 mod β21
” 3γ2β21β22 ´ 4pγβ1β2q2 mod β21
” ´γ2β21β22 mod β21
” 0 mod β21.
As pAB, βq “ 1, we have therefore proven that
3γ2β21β
2
2 ` 2κ` θ2 ” 0 mod pABq2β21.
We also find that
αβ21β2 ` 6θγ2β21β22 ` 2θκ “ 2θp3γ2β21β22 ` κq ` αβ21β2
” ´2αp2γ2q´1β´1
2
p3γ2β21β22 ´ 2pγβ1β2q2q ` αβ21β2 mod pABq2
” 2p´αp2γ2q´1β´1
2
pγβ1β2q2q ` αβ21β2 mod pABq2
” 0 mod pABq2,
and also,
αβ21β2 ` 6θγ2β21β22 ` 2θκ “ 2θp3γ2β21β22 ` κq ` αβ21β2
” 2γβ1β2p3γ2β21β22 ´ 2pγβ1β2q2q ` αβ21β2 mod β21
” 2γ3β31β32 ` αβ21β2 mod β21
” p2γ3β1β22 ` αqβ21β2 mod β21
“ 0 mod β21.
We have therefore shown that
αβ21β2 ` 6θγ2β21β22 ` 2θκ ” 0 mod pABq2β21.
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Finally, we have
2θαβ21β2 ` κ2 ” ´2αp2γ2q´1β´12 αβ21β2 ` p´2pγβ1β2q2q2 mod pABq2
” ´α2β21pγ2q´1 ` 4γ4β41β42 mod pABq2
” β21p4γ4β2 ´ α2pγ2q´1q mod pABq2
” β21pγ2q´1p4γ6β2 ´ α2q mod pABq2
” 0 mod pABq2.
and
2θαβ21β2 ` κ2 ” 2γβ1β2αβ21β2 ` p´2pγβ1β2q2q2 mod β21
” 2γαβ31β22 ` 4γ4β41β42 mod β21
” β31p2γαβ22 ` 4γ4β1β42q mod β21
” 0 mod β21.
We have thus proven that with θ and κ chosen as mentioned,
pω2 ` θω` κq2 “ p3γ2β21β22 ` 2κ` θ2qω2 ` pαβ21β2 ` 6θγ2β21β22 ` 2θκqω` 2θαβ21β2 ` κ2
” 0 mod pABq2β21,
and hence that
ω2 ` θω` κ ” 0 mod ABβ1.
It follows that the element pABq´1β´1
1
pω2 ` θω ` κq is integral over Fqrxs. As the extension
L{Fqpxq is of degree 3 and ω generates L over Fqpxq, it follows that the three integral elements
1, ω` δ, and pABq´1β´1
1
pω2 ` θω` κq are linearly independent over Fqpxq, and hence that I
is a basis of L{Fqpxq. Finally, the discriminant of the basis I is equal to
∆pIq “
¨
˚˝
det
¨
˚˝ 1 δ pABq´1β´11 κ
0 1 pABq´1β´1
1
θ
0 0 pABq´1β´1
1
˛
‹‚
˛
‹‚
2
∆pωq
“
¨
˝det
¨
˝ 1 0 00 1 0
0 0 pABq´1β´1
1
˛
‚
˛
‚
2
∆pωq
“ pABq´2β´2
1
ˆ
16
3
β41β
2
2pABq2
˙
“ 16
3
pβ1β2q2,
and hence that
p∆pIqqFqrxs “ ppβ1β2q2qFqrxs “ BL{Fqpxq.
By basic theory (see for example [5, p. 398]), it follows that I is an integral basis for OL over
Fqrxs.
(2) Suppose that p “ 2. By Theorem 5.1, there exist coprime A,B P Fqrxs such that
α “ A2 and γ3β1β22 “ γ3β “ A2 ` AB ` B2.
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It therefore follows from p “ 2 that
∆pωq “ 27β41β22p4γ6β2 ´ α2q “ β41β22A4 “ pβ1A2q2BL{Fqpxq.
By [5, Lemma 3.1, Corollary 3.2], a basis of the form B “ t1, y ` S, py2 ` Ty ` Rq{Iu for some
S,T,R P Fqrxs exists, if and only if, there exists T P Fqrxs such that
T2 ` pγβ1β2q2 ” 0 mod β1A2 and T3 ` pγβ1β2q2T ` αβ21β2 ” 0 mod β21A4,
And if so, the set
I “
"
1, ω` T, 1
I
pω2 ` Tω` T2 ` pγβ1β2q2q
*
forms an integral basis of L{Fqpxq. We therefore investigate when such a T exists. First, we
note that the condition
T2 ` pγβ1β2q2 ” 0 mod β1A2
is equivalent to
T ” γβ1β2 mod A and T ” 0 mod β1.
This is equivalent to the existence of a polynomial H P Fqrxs such that
T “ γβ1β2 `Aβ1H.
Let us now choose such a T. Then, by definition we clearly have
T3 ` pγβ1β2q2T ` αβ21β2 ” 0 mod β21.
Moreover, T is invertible mod β1, since pA, γβ1β2q “ 1. Thus, the condition
T3 ` pγβ1β2q2T ` αβ21β2 ” 0 mod A4
is equivalent to
T4 ` pγβ1β2q2T2 ` αβ21β2T ” 0 mod A4.
We have
T4 ` pγβ1β2q2T2 ` αβ21β2T ”pγβ1β2q4 ` pγβ1β2q2T2 ` αβ21β2T mod A4
”β21β2pγ4β32β21 ` γ2β2T2 ` αTqq mod A4
Thus, the condition
T3 ` pγβ1β2q2T ` αβ21β2 ” 0 mod A4
is equivalent to
γ4β32β
2
1 ` γ2β2T2 ` αT ” 0 mod A4.
Since pγ2β2, 1q “ 1, this condition is in turn equivalent to
γ6β42β
2
1 ` γ4β22T2 ` αγ2β2T ” 0 mod A4
and
B4 ` A2B2 ` γ4β22T2 ` A2γ2β2T ” 0 mod A4. p˚q
That is, taking this equivalence mod A2, we find in particular that
B4 ` γ4β22T2 ” 0 mod A2.
Hence
γ2β2T ” B2 mod A.
We write γ2β2T “ B2 ` AG0 where G0 P Fqrxs. From this and p˚q, we obtain
A2G20 ` A3G0 “ A2G0pG0 ` Aq ” 0 mod A4.
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This implies in particular that G0 ” 0 mod A. Thus, G0 “ AG for some G P Fqrxs, so that
γ2β2T “ B2 ` A2G
Since
T “ γβ1β2 `Aβ1H,
we have
γ2β2T “ γ3β1β22 ` Aβ1γ2β2H.
We therefore obtain the reduction
B2 ` γ3β1β22 “ ApAG` β1γ2β2Hq
A2 ` AB “ ApAG ` β1γ2β2Hq
A ` B “ AG ` β1γ2β2H.
As pA, β1γ2β2q “ 1, such polynomials G and H must exist. In then follows by a similar argument
to that for the discriminant ∆pIq in the proof of part (1) that the desired integral basis I exists,
and that T “ γβ1β2 ` Aβ1H where H P Fqrxs and G P Fqrxs are chosen to satisfy
A ` B “ AG ` β1γ2β2H.
Hence the result.

Appendix
Here, we restate Theorem 5.9 and give its proof.
Theorem 5.9. Suppose that q ” ´1 mod 3. Let Li “ Kpziq{K (i “ 1, 2) be two cyclic extensions of
degree 3 such that z3
i
´ 3zi “ ai P K. The following are equivalent:
(1) L1 “ L2;
(2) z2 “ φz21 ` χz1 ´ 2φ, where φ, χ P K satisfy the equation χ2 ` a1φχ` φ2 “ 1.
Moreover, if K “ Fqpxq, when the above conditions are satisfied, then:
(a) If p ‰ 2, there are relatively prime polynomials C,D P Fqrxs
φ “ 12CDQ1
δpD2 ` 3´1C2q and χ “
´6P1CD˘ δpC2 ´ 3´1D2q
δpD2 ` 3´1C2q ,
where δ P K is such that δ2 “ Q2
1
dL{Fqpxq and a1 “ P1{Q1, P1, Q1 P Fqrxs with pP1,Q1q “ 1 and
a2 “ p´2 ` a21qφ3 ` 3a1φ2χ` 6φχ2 ` a1χ3.
(b) If p “ 2,
(i) if φ “ 0, then χ “ ˘1. If χ “ 1, then a2 “ a1, and if χ “ ´1, then a2 “ ´a1.
(ii) if φ ‰ 0, then χ{pa1φq is a solution of
X2 ´ X ´ φ
2 ´ 1
a1φ
“ 0
and
a2 “ a1pa1φ3 ` φ2χ` χ3q.
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Proof. Suppose that L1 “ L2. As t1, z1, z21u is a basis of L1 “ L2 over K, it follows that there are
φ, χ, ψ P K such that
z2 “ φz21 ` χz1 ` ψ.
By Theorem 5.8, we have that
σpz1q “ ´uz21 ` f z1 ` 2u
and
σ2pz1q “ uz21 ` p´1 ´ f qz1 ´ 2u
for a generator σ of GalpL{Kq and where u “ 1`2 fa1 , u2 “ f 2` f `1, and f is one root of the polynomial
SpXq “
˜
1 ´ 4
a2
1
¸
x2 `
˜
1 ´ 4
a2
1
¸
x `
˜
1 ´ 1
a2
1
¸
.
Thus, we have
σpz2q “ φσpz1q2 ` χσpz1q ` ψ
“ φp´uz21 ` f z1 ` 2uq2 ` χp´uz21 ` f z1 ` 2uq ` ψ
“ p3φu2 ` φ f 2 ´ 4u2φ´ χuqz21 ` pφu2a1 ´ 2 f uφ` fχqz1
` p4u2φ´ 2u f a1φ` 2uχ` ψq
and
σ2pz2q “ φσ2pz1q2 ` χσ2pz1q ` ψ
“ φpuz21 ´ p f ` 1qz1 ´ 2uq2 ` χpuz21 ´ p f ` 1qz1 ´ 2uq ` ψ
“ p3φu2 ` φp f ` 1q2 ´ 4u2φ` χuqz21 ` pφu2a1 ´ 2p f ` 1quφ´ χp1 ` f qqz1
` p4u2φ´ 2up f ` 1qa1φ´ 2uχ` ψq.
As z2 satisfies z
3
2
´ 3z2 “ a2, we have
Trpz2q “ z2 ` σpz2q ` σ2pz2q “ 0.
Thus, as ua1 “ 2 f ` 1, we obtain
0 “ z2 ` σpz2q ` σ2pz2q
“ pφ` 3φu2 ` φ f 2 ´ 4u2φ´ χu ` 3φu2 ` φp f ` 1q2 ´ 4u2φ` χuqz21
` pχ` φu2a1 ´ 2 f uφ` fχ` φu2a1 ´ 2p f ` 1quφ´ χp1 ` f qqz1
` pψ` 4u2φ´ 2u f a1φ` 2uχ` ψ` 4u2φ´ 2up f ` 1qa1φ´ 2uχ` ψq
“ p2φ´ 2φu2 ` 2φ f 2 ` 2φ f qz21 ` p2φu2a1 ´ 4 f uφ´ 2uφqz1
` p3ψ` 8u2φ´ 4u f a1φ´ 2ua1φq
“ 2φp´u2 ` f 2 ` f ` 1qz21 ` 2uφpua1 ´ 2 f ´ 1qz1
` p3ψ` 2uφp4u ´ 2 f a1 ´ a1q
“ 2φp´u2 ` f 2 ` f ` 1qz21 ` 2uφpua1 ´ 2 f ´ 1qz1
` p3rψ ` 2u2φp4 ´ a21qq.
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This yields to the system $&
%
2φp´u2 ` f 2 ` f ` 1q “ 0
2uφpua1 ´ 2 f ´ 1q “ 0
3ψ` 2u2φp4 ´ a2
1
q “ 0
The first two simplify to zero identically, which leaves only 3ψ`2u2φp4´ a2
1
q “ 0. As u2a2
1
“ p2 f `1q2
and u2 “ f 2 ` f ` 1, we obtain
u2p4 ´ a21q “ 4u2 ´ a21u2 “ 4p f 2 ` f ` 1q ´ p2 f ` 1q2 “ 4 ´ 1 “ 3.(5)
Thus the last equation of the previous system simplifies to 0 “ 3ψ` 6φ “ 3pψ` 2φq, whence
ψ “ ´2φ p‹q
Inspection of the linear term yields
z2σpz2q ` z2σ2pz2q ` σpz2qσ2pz2q “ ´z2σpz2q ´ z22 ´ σpz2q2 “ ´3.
To simplify the computation, we write
σpz2q “ φ1z21 ` χ1z1 ` ψ1,
with $&
%
φ1 “ ´φu2 ` φ f 2 ´ χu
χ1 “ φu2a1 ´ 2 f uφ` fχ
ψ1 “ 4u2φ´ 2u f a1φ` 2uχ` ψ.
p˝q
We thus obtain
3 “ z2σpz2q ` z22 ` σpz2q2
“ pφz21 ` χz1 ` ψqpφ1z21 ` χ1z1 ` ψ1q ` pφz21 ` χz1 ` ψq2
` pφ1z21 ` χ1z1 ` ψ1q2
“ p3φφ1 ` φψ1 ` φφ1 ` ψφ1 ` 3φ2 ` χ2 ` 2φψ` 3φ12 ` χ12 ` 2φ1ψ1qz21
` pφφ1a1 ` 3φχ1 ` 3χφ1 ` ψ1χ` ψχ1 ` φ2a1
` 6φχ` 2χψ` φ12a1 ` 6φ1χ1 ` 2χ1ψ1qz1
` pφχ1a1 ` χφ1a1 ` ψψ1 ` ψ2 ` 2φχa1 ` ψ12 ` 2φ1χ1a1q.
As a consequence, we obtain the system$’’&
’’%
0 “ 3φφ1 ` φψ1 ` χχ1 ` ψφ1 ` 3φ2 ` χ2 ` 2φψ` 3φ12 ` χ12 ` 2φ1ψ (i)
0 “ φφ1a1 ` 3φχ1 ` 3χφ1 ` ψ1χ` ψχ1 ` φ2a1 ` 6φχ
`2χψ` φ12a1 ` 6φ1χ1 ` 2χ1ψ1 (ii)
0 “ φχ1a1 ` χφ1a1 ` ψψ1 ` ψ2 ` 2φχa1 ` ψ12 ` 2φ1χ1a1 ´ 3 (iii)
We now work with Eq. (i). By definition, Eq. (i) simplifies to
0 “ 3φφ1 ` φψ1 ` χχ1 ` ψφ1 ` 3φ2 ` χ2 ` 2φψ` 3φ12 ` χ12 ` 2φ1ψ1
“ 3φp´φu2 ` φ f 2 ´ χuq ` ψp´φu2 ` φ f 2 ´ χuq ` χpφu2a1 ´ 2 f uφ` fχq
` φp4u2φ´ 2u f a1φ` 2uχ` ψq ` 3φ2 ` χ2 ` 2φψ` 3p´φu2 ` φ f 2 ´ χuq2
` pφu2a1 ´ 2 f uφ` fχq2 ` 2p´φu2 ` φ f 2 ´ χuqp4u2φ´ 2u f a1φ` 2uχ` ψq
“ φ2pu2 ` 3 f 2 ´ 2u f a1 ´ 5u4 ` 3 ` 3 f 4 ` u4a21 ` 6u2 f 2 ´ 4u f 3a1q
` χ2p f ` 1 ´ u2 ` f 2q ´ 3uχψ` 3φψp1 ` f 2 ´ u2q
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` φχup´1 ` ua1 ´ 2 f ´ 6u2 ´ 6 f 2 ` 6u f a1q.
Using that f 2 ` f ` 1 ´ u2 “ 0 and ua1 “ 2 f ` 1, the previous equation becomes
0 “ φ2p1 ` f ` f 2 ` 3 f 2 ´ 2 f p2 f ` 1q ´ 5p1 ` f ` f 2q2 ´ 4 f 3p2 f ` 1q
` p1 ` f ` f 2qp2 f ` 1q2 ` 6p1 ` f ` f 2q f 2 ` 3 ` 3 f 4q ´ 3uχψ´ 3 fφψ
` φχup´1 ` 2 f ` 1 ´ 2 f ´ 6p f 2 ` f ` 1q ´ 6 f 2 ` 6 f p2 f ` 1qq
“ ´6 fφ2 ´ 3χψu ´ 3 fφψ` φχup´6 f 2 ´ 6 f ´ 6 ´ 6 f 2 ` 12 f 2 ` 6 f q
“ ´6 fφ2 ´ 3χψu ´ 3 fφψ´ 6φχu.
Finally, as ψ “ ´2φ, the equation piq
´6 fφ2 ´ 3χψu ´ 3 fφψ´ 6φχu “ ´6 fφ2 ` 6φχu ` 6 fφ2 ´ 6φχu “ 0
is always satisfied.
For Eq. (ii), we find
0 “ φφ1a1 ` 3φχ1 ` 3χφ1 ` ψ1χ` ψχ1 ` φ2a1 ` 6φχ` 2χψ` φ12a1 ` 6φ1χ1 ` 2χ1ψ1
“ φp´φu2 ` φ f 2 ´ χuqa1 ` 3φpφu2a1 ´ 2 f uφ` fχq ` 3χp´φu2 ` φ f 2 ´ χuq
` p4u2φ´ 2u f a1φ` 2uχ` ψqχ` ψpφu2a1 ´ 2 f uφ` fχq ` φ2a1 ` 6φχ
` 2χψ` p´φu2 ` φ f 2 ´ χuq2a1 ` 6p´φu2 ` φ f 2 ´ χuqpφu2a1 ´ 2 f uφ` fχq
` 2pφu2a1 ´ 2 f uφ` fχqp4u2φ´ 2u f a1φ` 2uχ` ψq
“ φ2p2u2a1 ` f 2a1 ´ 6 f u ` a1 ` 3u4a1 ´ 4u3 f a21 ´ 4 f u3 ` 12 f 2u2a1 ` f 4a1 ´ 12u f 3q
` χ2p´u ` u2a1 ´ 2 f uq ` rqp3 ` 3 f q ` rpp´6 f u ` 3u2a1q
` φχp´ua1 ` 3 f ` u2 ` 3 f 2 ` 6 ´ 2u f a1 ` 6 f u2 ´ 6 f 2ua1 ` 6 f 3q
“ φ2p2u2a1 ` f 2a1 ´ 6 f u ` a1 ` 3u4a1 ´ 4u3 f a21 ´ 4 f u3 ` 12 f 2u2a1 ` f 4a1 ´ 12u f 3q
` χ2p´up2 f ` 1q ` u2a1q ` 3χψp f ` 1q ` φψp3u2a1 ´ 6 f uq
` φχp´ua1 ` 3 f ` u2 ` 3 f 2 ` 6 ´ 2u f a1 ` 6 f u2 ´ 6 f 2ua1 ` 6 f 3q
As f 2 ` f ` 1 ´ u2 “ 0 and ua1 “ 2 f ` 1, this simplifies to
0 “ φ2r2up2 f ` 1q ` f 2a1 ´ 6 f u ` a1 ` 3u4a1 ´ 4u3 f a21 ´ 4 f u3 ` 12 f 2u2a1 ` f 4a1 ´ 12u f 3s
` 3χψp f ` 1q ` φψr3upua1 ´ 2 f qs ` φχr´p2 f ` 1q ` 3 f ` f 2 ` f ` 1 ` 3 f 2 ` 6
´ 2 f p2 f ` 1q ` 6 f p f 2 ` f ` 1q ´ 6 f 2p2 f ` 1q ` 6 f 3s
“ φ2r2u2a1 ` f 2a1 ´ 6 f u ` a1 ` 3u4a1 ´ 4u3 f a21 ´ 4 f u3 ` 12 f 2u2a1 ` f 4a1 ´ 12u f 3s
` 3ψχp f ` 1q ` 3uφψ` φχp6 ` 6 f q.
“ φ2p2u2a1 ` f 2a1 ´ 6 f u ` a1 ` 3u4a1 ´ 4u3 f a21 ´ 4 f u3 ` 12 f 2u2a1 ` f 4a1 ´ 12u f 3 ´ 6uq
where the last equality holds as ψ “ ´2φ. By f 2 “ ´ f ´ 1` u2 and ua1 “ 2 f ` 1, we therefore obtain
0 “ 2u2a1 ` f 2a1 ´ 6 f u ` a1 ` 3u4a1 ´ 4u3 f a21 ´ 4 f u3 ` 12 f 2u2a1 ` f 4a1 ´ 12u f 3 ´ 6u
“ 2u2a1 ` p´ f ´ 1 ` u2qa1 ´ 6 f u ` a1 ` 3u4a1 ´ 4u3 f a21 ´ 4 f u3 ` 12p´ f ´ 1 ` u2qu2a1
` p´ f ´ 1 ` u2q2a1 ´ 12u f p´ f ´ 1 ` u2q ´ 6u
“ f a1 ´ 11u2a1 ` 6 f u ` 16u4a1 ´ 4u3 f a21 ´ 16 f u3 ´ 14u2a1 f ` f 2a1 ` a1 ` 12u f 2 ´ 6u
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“ f a1 ´ 11u2a1 ` 6 f u ` 16u4a1 ´ 4u3 f a21 ´ 16 f u3 ´ 14u2a1 f ` p´ f ´ 1 ` u2qa1 ` a1
` 12up´ f ´ 1 ` u2q ´ 6u
“ ´10u2a1 ´ 6 f u ` 16u4a1 ´ 4u3 f a21 ´ 16 f u3 ´ 14u2a1 f ´ 18u ` 12u3
“ ´10up2 f ` 1q ´ 6 f u ` 16u3p2 f ` 1q ´ 4u f p2 f ` 1q2 ´ 16 f u3 ´ 14u f p2 f ` 1q ´ 18u ` 12u3
“ ´44 f u ´ 28u ` 16u3 ´ 44 f 2u ´ 16 f 3u ` 12u3
“ ´44 f u ´ 28u ` 16up f 2 ` f ` 1q f ´ 16 f 3u ´ 44 f 2u ` 28u3
“ ´28 f u ´ 28u ´ 28 f 2u ` 28u3
“ ´28up f ` f 2 ` 1 ´ u2q,
which is always satisfied.
For Eq. (iii), we have
0 “ φχ1a1 ` χφ1a1 ` ψψ1 ` ψ2 ` 2φχa1 ` ψ12 ` 2φ1χ1a1 ´ 3
“ φa1pφu2a1 ´ 2 f uφ` fχq ` χa1p´φu2 ` φ f 2 ´ χuq ` ψp4u2φ´ 2u f a1φ` 2uχ` ψq
` ψ2 ` 2φχa1 ` p4u2φ´ 2u f a1φ` 2uχ` ψq2
` 2p´φu2 ` φ f 2 ´ χuqpφu2a1 ´ 2 f uφ` fχqa1 ´ 3
“ φ2p´2a1 f u ´ 4a1 f 3u ` a21u2 ` 6a21 f 2u2 ´ 12a1 f u3 ` 16u4 ´ 2a21u4q
` φψp´6a1 f u ` 12u2q ` φχp2a1 ` a1 f ` a1 f 2 ` 2a1 f 3 ´ a1u2 ´ 6a1 f u2 ` 16u3 ´ 2a21u3q
` χ2p´a1u ´ 2a1 f u ` 4u2q ` 6χψu ` 3ψ2 ´ 3.
As ψ “ ´2φ, this becomes
0 “ φ2p´2a f u ´ 4a1 f 3u ` a21u2 ` 6a21 f 2u2 ´ 12a1 f u3 ` 16u4 ´ 2a21u4q
` φχp2a1 ` a1 f ` a1 f 2 ` 2a1 f 3 ´ a1u2 ´ 6a1 f u2 ` 16u3 ´ 2a21u3q
´ 2φ2p´6a1 f u ` 12u2q ` χ2p´a1u ´ 2a1 f u ` 4u2q ´ 12χφu ` 12φ2 ´ 3
“ φ2p´2a1 f u ´ 4a1 f 3u ` a21u2 ` 6a21 f 2u2 ´ 12a1 f u3 ` 16u4 ´ 2a21u4 ` 12a1 f u ´ 24u2 ` 12q
` φχp2a1 ` a1 f ` a1 f 2 ` 2a1 f 3 ´ a1u2 ´ 6a1 f u2 ` 16u3 ´ 2a21u3 ´ 12uq
` χ2p´a1u ´ 2a1 f u ` 4u2q ´ 3.
“ φ2p´4a1 f 3u ` a21u2 ` 6a21 f 2u2 ´ 12a1 f u3 ` 16u4 ´ 2a21u4 ` 10a1 f u ´ 24u2 ` 12q
` φχp2a1 ´ a1u2 ´ 5a1 f u2 ` 16u3 ´ 2a21u3 ´ 12uq ` u2p4 ´ a21qχ2 ´ 3.
By Eq. (5), this is equal to
φ2p´4a1 f 3u ` a21u2 ` 6a21 f 2u2 ´ 12a1 f u3 ` 16u4 ´ 2a21u4 ` 10a1 f u ´ 24u2 ` 12q
` φχp2a1 ´ a1u2 ´ 5a1 f u2 ` a1 f 3 ` 16u3 ´ 2a21u3 ´ 12uq ` 3χ2 ´ 3 “ 0
As f 2 ` f ` 1 ´ u2 “ 0 and ua1 “ 2 f ` 1, the coefficient of φχ in Eq. (iii) becomes
0 “ 2a1 ´ a1u2 ´ 5a1 f u2 ` a1 f 3 ` 16u3 ´ 2a21u3 ´ 12u
“ 2a1 ´ a1u2 ´ 5a1 f u2 ` a1 f p´ f ´ 1 ` u2q ` 16u3 ´ 2a21u3 ´ 12u
“ 2a1 ´ a1u2 ´ 5a1 f u2 ´ f 2a1 ´ f a1 ` f u2a1 ` 16u3 ´ 2a21u3 ´ 12u
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“ 2a1 ´ a1u2 ´ 4a1 f u2 ´ a1p´ f ´ 1 ` u2q ´ f a1 ` 16u3 ´ 2a21u3 ´ 12u
“ 3a1 ´ 2a1u2 ´ 4a1 f u2 ` 16u3 ´ 2a21u3 ´ 12u
“ 3a1 ´ 2a1u2 ´ 4a1 f u2 ` 16u3 ´ 2a1u2p2 f ` 1q ´ 12u
“ 3a1 ´ 4a1u2 ´ 8a1 f u2 ` 16u3 ´ 12u
“ 3a1 ´ 4up2 f ` 1q ´ 8p2 f ` 1q f u ` 16up f 2 ` f ` 1q ´ 12u
“ 3a1.
Also as f 2 ` f ` 1 ´ u2 “ 0 and ua1 “ 2 f ` 1, the coefficient of φ2 in Eq. (vi) is equal to
´ 4a1 f 3u ` a21u2 ` 6a21 f 2u2 ´ 12a1 f u3 ` 16u4 ´ 2a21u4 ` 10a1 f u ´ 24u2 ` 12
“ ´4 f 3p2 f ` 1q ` p2 f ` 1q2 ` 6 f 2p2 f ` 1q2
´ 12 f p2 f ` 1qp f 2 ` f ` 1q ` 16p f 2 ` f ` 1q ´ 2p2 f ` 1qp f 2 ` f ` 1q
` 10 f p2 f ` 1q ´ 24p f 2 ` f ` 1q ` 12
“ 3.
Therefore, Eq. (ii) becomes 3χ2 ` 3a1φχ` 3φ2 ´ 3 “ 0, or equivalently,
χ2 ` a1φχ` φ2 “ 1 p‹‹q
For the norm term in the equation z3
2
´ 3z2 ´ a2 “ 0 satisfied by z2, we have
´a2 “ ´z2σpz2qσ2pz2q “ z2σpz2qpz2 ` σpz2qq.
Hence
´a2 “ z2σpz2qpz2 ` σpz2qq
“ pφz21 ` χz1 ` ψqpφ1z21 ` χ1z1 ` ψ1qppφ ` φ1qz21 ` pχ` χ1qz1 ` pψ` ψ1qq
“ φ1pφ ` φ1qφz61 ` pχ1φ2 ` 2φ1φχ` 2φ1χ1φ` φ12χ1qz51
` pψ1φ2 ` 2χ1φχ` 2φ1φψ` φ1χ2 ` 2φ1ψ1φ` χ12φ` 2φ1χ1χ` φ12ψqz41
` p2ψ1φχ` 2χ1φψ` χ1χ2 ` 2φ1χψ` 2ψ1χ1φ` χ12χ` 2ψ1φ1χ` 2χ1φ1ψqz31
` p2ψ1φψ` ψ1χ2 ` 2χ1χψ` φ1ψ2 ` ψ12φ` 2χ1ψ1χ` 2φ1ψ1ψ` χ12ψqz21
` p2ψ1χψ` χ1ψ2 ` ψ12χ` 2ψ1χ1ψqz1 ` ψ1pψ` ψ1qψ.
By construction, z3
1
“ 3z1 ` a1, so that the previous equation simplifies to
0 “ p9φ1φ2 ` a1χ1φ2 ` 3ψ1φ2 ` 6χ1φχ` 2a1φ1φχ` 6φ1φψ` 2ψ1φψ` 3φ1χ2
` ψ1χ2 ` 2χ1χψ` φ1ψ2 ` 9φ12φ` 2a1φ1χ1φ` 3χ12φ` 6φ1ψ1φ` ψ12φ
` a1φ12χ` 6φ1χ1χ` 2χ1ψ1χ` χ12ψ` 3φ12ψ` 2φ1ψ1ψqz21
` p6φ1a1φ2 ` a1ψ1φ2 ` 9χ1φ2 ` 6ψ1φχ` 18φ1φχ` 2a1χ1φχ` 6χ1φψ
` a1φ1χ2 ` 3χ1χ2 ` 2ψ1χψ` 6φ1χψ` χ1ψ2 ` 18φ1χ1φ` 6ψ1χ1φ
` 6φ12a1φ` 2a1φ1ψ1φ` 2a1φ1φψ` a1χ12φ` 6ψ1φ1χ` 2a1φ1χ1χ
` 3χ12χ` 9φ12χ` ψ12χ` 2ψ1χ1ψ` 6χ1φ1ψ` a1φ12ψqz1
` 3a1χ1φ2 ` 6a1φ1φχ` φ1a21φ2 ` a1χ1χ2 ` 2a1φ1χψ` ψ1ψ2 ` 6aφ1χ1φ
` 2aψ1χ1φ` φ12a2φ` 3a1φ12χ` 2a1ψ1φ1χ` a1χ12χ` ψ12ψ` 2a1χ1φ’¸R
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` 2a1ψ1φχ` 2a1χ1φψ.
As tz2
1
, z1, 1u forms a basis of L{K, we obtain Eq. (iv),
0 “ 9φ1φ2 ` a1χ1φ2 ` 3ψ1φ2 ` 6χ1φχ` 2a1φ1φχ` 6φ1φψ` 2ψ1φψ` 3φ1χ2
` 2χ1χψ` φ1ψ2 ` 9φ12φ` 2a1φ1χ1φ` 3χ12φ` 6φ1ψ1φ` ψ12φ` a1φ12χ
` ψ1χ2 ` 6φ1χ1χ` 2χ1ψ1χ` χ12ψ` 3φ12ψ` 2φ1ψ1ψ,
Eq. (v),
0 “ 6φ1a1φ2 ` a1ψ1φ2 ` 9χ1φ2 ` 6ψ1φχ` 18φ1φχ` 2a1χ1φχ
` a1φ1χ2 ` 3χ1χ2 ` 2ψ1χψ` 6φ1χψ` χ1ψ2 ` 18φ1χ1φ` 6ψ1χ1φ
` a1χ12φ` 6ψ1φ1χ` 2a1φ1χ1χ` 3χ12χ` 9φ12χ` ψ12χ` 2ψ1χ1ψ
` a1φ12ψ` 6φ12a1φ` 2a1φ1φψ` 2a1φ1ψ1φ` 6χ1φ1ψ` 6χ1φψ,
and Eq. (vi),
´a2 “ 3a1χ1φ2 ` 6a1φ1φχ` φ1a21φ2 ` a1χ1χ2 ` 2a1φ1χψ` ψ1ψ2
` φ12a2φ` 3a1φ12χ` 2a1ψ1φ1χ` a1χ12χ` ψ12ψ` 2a1χ1φ1ψ
` 6aφ1χ1φ` 2a1ψ1φχ` 2a1χ1φψ` 2aψ1χ1φ.
By the definitions of φ1, χ1, and ψ1 p˝q, Eq. (iv) becomes
0 “ 9φ1φ2 ` a1χ1φ2 ` 3ψ1φ2 ` 6χ1φχ` 2a1φ1φχ` 6φ1φψ` 2ψ1φψ` 3φ1χ2
` ψ1χ2 ` 2χ1χψ` φ1ψ2 ` 9φ12φ` 2a1φ1χ1φ` 3χ12φ` 6φ1ψ1φ` ψ12φ
` a1φ12χ` 6φ1χ1χ` 2χ1ψ1χ` χ12ψ` 3φ12ψ` 2φ1ψ1ψ
“ a1pφu2a1 ´ 2 f uφ` fχqφ2 ` 3p4u2φ´ 2u f a1φ` 2uχ` ψqφ2
` 6pφu2a1 ´ 2 f uφ` fχqφχ` 2a1p´φu2 ` φ f 2 ´ χuqφχ
` 9p´φu2 ` φ f 2 ´ χuqφ2 ` 6p´φu2 ` φ f 2 ´ χuqφψ` p´φu2 ` φ f 2 ´ χuqψ2
` 2p4u2φ´ 2u f a1φ` 2uχ` ψqφψ` 3p´φu2 ` φ f 2 ´ χuqχ2
` p4u2φ´ 2u f a1φ` 2uχ` ψqχ2 ` 2pφu2a1 ´ 2 f uφ` fχqχψ
` 9p´φu2 ` φ f 2 ´ χuq2φ` 2a1p´φu2 ` φ f 2 ´ χuqpφu2a1 ´ 2 f uφ` fχqφ
` 3pφu2a1 ´ 2 f uφ` fχq2φ` 6p´φu2 ` φ f 2 ´ χuqp4u2φ´ 2u f a1φ` 2uχ` ψqφ
` p4u2φ´ 2u f a1φ` 2uχ` ψq2φ` a1p´φu2 ` φ f 2 ´ χuq2χ
` 6p´φu2 ` φ f 2 ´ χuqpφu2a1 ´ 2 f uφ` fχqχ` 3p´φu2 ` φ f 2 ´ χuq2ψ
` 2pφu2a1 ´ 2 f uφ` fχqp4u2φ´ 2u f a1φ` 2uχ` ψqχ
` 2p´φu2 ` φ f 2 ´ χuqp4u2φ´ 2u f a1φ` 2uχ` ψqψ` pφu2a1 ´ 2 f uφ` fχq2ψ
“ pa21u4 ´ 12a1u3 f ` 18 f 2u2 ` 3u2 ´ 8a1 f u ` u4 ´ 16a1 f 3u ` 6a21 f 2u2 ` 9 f 4 ` a21u2 ` 9 f 2qφ3
` p´3u ´ 4a21u3 f ´ 12 f u ` 12a1u2 ` 12a1 f 2u2 ´ 18u f 2 ´ 4u3 f ´ 12 f 3u ´ 2u3
´ 2a21u3 ` 4a1u2 ` 2a1 f 2 ` 2a1 f 3 ` 3a1u4 ` a1 f 4 ` a1 f qφ2χ
` p4u2 ´ 8a1 f u ` 12 f 2 ´ 5u4 ` 6 f 2u2 ´ 4a1 f 3u ` 3 f 4 ` a21u4 ` 3qφ2ψ
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` p6 f 2 ` 2u2 ` 6 f u2 ´ 6a1u f 2 ´ 4a1 f u ` 6 f 3 ` 6 f ´ 2a1uqφχ2
` 2up´3u2 ` 2a1u ` 3a1 f u ´ 2 ´ 4 f ´ 3 f 2qφχψ
` p´3u2 ` 3 f 2 ` 3qφψ2 ` upa1u ´ 2 f ´ 1qχ3 ` p´u2 ` f 2 ` 4 f ` 1qχ2ψ´ 3uχψ2.
As ψ “ ´2φ, this further simplifies to
0 “ p´17u2 ´ 3 f 2 ` 6 ` 8a1 f u ` 11u4 ` 6 f 2u2 ´ 8a1 f 3u ` 3 f 4 ´ a21u4
´ 12a1u3 f ` 6a21 f 2u2 ` a21u2qφ3
` p10u3 ´ 4a1u2 ´ 7u ` 4 f u ´ 6u f 2 ´ 4a21u3 f ` 12a1 f 2u2 ´ 4u3 f ´ 12 f 3u
´ 2a21u3 ` 2a1 f 2 ` 2a1 f 3 ` 3a1u4 ` a1 f 4 ` a1 f qφ2χ
` p4 f 2 ` 4u2 ` 6 f u2 ´ 6a1u f 2 ´ 4a1 f u ` 6 f 3 ´ 2 f ´ 2a1u ´ 2qφχ2
` upa1u ´ 2 f ´ 1qχ3.
As f 2 ` f ` 1 “ u2 and a1u “ 2 f ` 1, the coefficient of φ3 in the previous expression is equal to
´ 17u2 ´ 3 f 2 ` 6 ` 8a1 f u ` 11u4 ` 6 f 2u2 ´ 8a1 f 3u ` 3 f 4 ´ a21u4
´ 12a1u3 f ` 6a21 f 2u2 ` a21u2
“ ´17p f 2 ` f ` 1q ´ 3 f 2 ` 6 ` 8 f p2 f ` 1q ` 11p f 2 ` f ` 1q2
` 6 f 2p f 2 ` f ` 1q ´ 8 f 3p2 f ` 1q ` 3 f 4 ´ p2 f ` 1q2p f 2 ` f ` 1q
´ 12 f p2 f ` 1qp f 2 ` f ` 1q ` 6 f 2p2 f ` 1q2 ` p2 f ` 1q2
“ 0.
As f 2 “ ´ f ´ 1 ` u2, the coefficient of φ2χ is equal to
10u3 ´ 4a1u2 ´ 7u ` 4 f u ´ 6u f 2 ´ 4a21u3 f ` 12a1 f 2u2 ´ 4u3 f ´ 12 f 3u
´ 2a21u3 ` 2a1 f 2 ` 2a1 f 3 ` 3a1u4 ` a1 f 4 ` a1 f
“ 10u3 ´ 4a1u2 ´ 7u ` 4 f u ´ 6up´ f ´ 1 ` u2q ` 12a1p´ f ´ 1 ` u2qu2
´ p12p´ f ´ 1 ` u2qq f u ´ 2a21u3 ` 2a1p´ f ´ 1 ` u2q ` 2a1 f p´ f ´ 1 ` u2q
` 3au4 ` a1p´ f ´ 1 ` u2q2 ` a1 f ´ 4a21u3 f ´ 4u3 f
“ p´a1 ` 12uq f 2 ` p´4a21u3 ` 22u ´ 16u3 ´ a1 ´ 12a1u2q f ` 4u3
´ 16a1u2 ´ u ` 16a1u4 ´ a1 ´ 2a21u3
“ p´a1 ` 12uqp´ f ´ 1 ` u2q ` p´4a21u3 ` 22u ´ 16u3 ´ a1 ´ 12a1u2q f
` 4u3 ´ 16a1u2 ´ u ` 16a1u4 ´ a1 ´ 2a21u3
“ ´2up´5 ` 2a21u2 ` 8u2 ` 6a1uq f ´ up17a1u ` 13 ´ 16u2 ´ 16u3a1 ` 2a21u2q
“ ´2up´5 ` 2p2 f ` 1q2 ` 8p f 2 ` f ` 1q ` 6p2 f ` 1qq f ´ up17p2 f ` 1q
` 13 ´ 16p f 2 ` f ` 1q ´ p16p2 f ` 1qqp f 2 ` f ` 1q ` 2p2 f ` 1q2q
“ 0
For the same reason, the coefficient in χ2φ is equal to
4 f 2 ` 4u2 ` 6 f u2 ´ 6a1u f 2 ´ 4a1 f u ` 6 f 3 ´ 2 f ´ 2a1u ´ 2
“ 4 f 2 ` 4p f 2 ` f ` 1q ` 6 f p f 2 ` f ` 1q ´ 6 f 2p2 f ` 1q
A COMPLETE CLASSIFICATION OF CUBIC FUNCTION FIELDS OVER ANY FINITE FIELD 49
´ 4 f p2 f ` 1q ` 6 f 3 ´ 2 f ´ 2p2 f ` 1q ´ 2
“ 0
Finally, the coefficient in χ3 is also 0, whence the Eq. (iv) is always satisfied.
For Eq. (v), substitution of φ1, χ1 and ψ1 via p˝q yields
0 “ 6φ1a1φ2 ` a1ψ1φ2 ` 9χ1φ2 ` 6ψ1φχ` 18φ1φχ` 2a1χ1φχ` 6χ1φψ` 2a1φ1φψ
` a1φ1χ2 ` 3χ1χ2 ` 2ψ1χψ` 6φ1χψ` χ1ψ2 ` 18φ1χ1φ` 6ψ1χ1φ` 6φ12a1φ
` a1χ12φ` 6ψ1φ1χ` 2a1φ1χ1χ` 3χ12χ` 9φ12χ` ψ12χ` 2ψ1χ1ψ` 6χ1φ1ψ
` a1φ12ψ` 2a1φ1ψ1φ
“ p4a1u4 ` 42a1 f 2u2 ` 6a1 f 4 ` 7a1u2 ´ 18 f u ` a31u4
´ 12a21u3 f ` 6a1 f 2 ´ 4a21 f 3u ´ 12u3 f ´ 36 f 3u ´ 2a21 f uqφ3
` p9 f ` 6a21 f 2u2 ` 18 f 3 ´ 24a1u f 2 ´ 4a1u ´ 16a1 f u ´ 12a1u3 f ´ 16a1 f 3u
` 18 f u2 ` 18 f 2u2 ` u4 ` 9 f 4 ` 18 f 2 ` 6u2 ` a21u4 ` 2a21u2 ` 6u2a21 f ´ 6u3a1qφ2χ
` pa1 ` 3a1u4 ` 12a1 f 2u2 ` a1 f 4 ´ 4u3 f ´ 12 f 3u ` 8a1u2 ` 4a1 f 2 ´ 24 f u ´ 4a21u3 f qφ2ψ
` p4a1u2 ´ 2u3 ` 12a1u2 f ´ 6u ´ 18u f 2 ` 2a1 f ` 2a1 f 2 ´ 12 f u ´ 2a21u3 ` 2a1 f 3qφχ2
` p12 f ` 4u2 ´ 8a1 f u ` 12 f 2 ` 6 ´ 6a1u f 2 ´ 4a1u ` 6 f u2 ` 6 f 3qφχψ
` 3upa1u ´ 2 f qφψ2 ` pu2 ´ 2a1 f u ` 3 f 2 ´ a1u ` 3 f qχ3 ` upa1u ´ 2 f ´ 4qχ2ψ
` p3 ` 3 f qχψ2
As ψ “ ´2φ, this becomes
0 “ p3a1u2 ` 6 f u ´ 2a1 ´ 2a1u4 ` 18a1 f 2u2 ` 4a1 f 4 ´ 4u3 f ´ 12 f 3u
´ 2a1 f 2 ´ 4a21u3 f ` a31u4 ´ 4a21 f 3u ´ 2a21 f uqφ3
` p´3 f ` 6a21 f 2u2 ` 6 f 3 ´ 12a1u f 2 ` 4a1u ´ 12a1u3 f ´ 16a1 f 3 ` 6 f u2 ` 18 f 2u2
` u4 ` 9 f 4 ´ 6 f 2 ´ 2u2 ` a21u4 ` 2a21u2 ` 6u2a21 f ´ 6u3a1qφ2χ
` p2a1u2 ´ 2u3 ` 12a1u2 f ` 2u ´ 18u f 2 ` 2a1 f ` 2a1 f 2 ´ 8 f u ´ 2a21u3 ` 2a1 f 3qφχ2
` pu2 ´ 2a1 f u ` 3 f 2 ´ a1u ` 3 f qχ3
Via u2 “ f 2 ` f ` 1 and ua1 “ 2 f ` 1, we find that the coefficient in φ3 is equal to
3a1u
2 ` 6 f u ´ 2a1 ´ 2a1u4 ` 18a1 f 2u2 ` 4a1 f 4 ´ 4u3 f ´ 12 f 3u
´ 2a1 f 2 ´ 4a21u3 f ` a31u4 ´ 4a21 f 3u ´ 2a21 f u
“ 3a1u2 ` 6 f u ´ 2a1 ´ 2a1u4 ` 18a1 f 2u2 ` 4a1 f 4 ´ 4u3 f ´ 12 f 3u
´ 2a1 f 2 ´ 4a1u2 f p2 f ` 1q ` a1u2p2 f ` 1q2 ´ 4a1 f 3p2 f ` 1q ´ 2a1 f p2 f ` 1q
“ ´2a1u4 ´ 4 f u3 ` 2a1p7 f 2 ` 2qu2 ´ 6 f p´1 ` 2 f 2qu ´ 2a1p f 2 ` f ` 1qp2 f 2 ` 1q
“ ´2a1u4 ´ 4 f u3 ` 2a1p7 f 2 ` 2qu2 ´ 6 f p´1 ` 2 f 2qu ´ 2a1u2p2 f 2 ` 1q
“ ´2u3p2 f ` 1q ´ 4 f u3 ` 2p7 f 2 ` 2qup2 f ` 1q ´ 6 f p´1 ` 2 f 2qu
´ 2up2 f ` 1qp2 f 2 ` 1q
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“ p´8 f ´ 2qu3 ` 2p4 f ` 1qp f 2 ` f ` 1qu
“ p´8 f ´ 2qu3 ` 2p4 f ` 1qu3
“ 0.
Via the same relations, the coefficient in φ2χ is equal to
´ 3 f ` 6a21 f 2u2 ` 6 f 3 ´ 12a1u f 2 ` 4a1u ´ 12a1u3 f ´ 16a1 f 3 ` 6 f u2
` 18 f 2u2 ` u4 ` 9 f 4 ´ 6 f 2 ´ 2u2 ` a21u4 ` 2a21u2 ` 6u2a21 f ´ 6u3a1
“ ´3 f ` 6 f 2p1 ` 2 f q2 ` 6 f 3 ´ 12 f 2p1 ` 2 f q ` 4p1 ` 2 f q ´ 16 f 3p1 ` 2 f q
´ 12 f p1 ` 2 f qp f 2 ` f ` 1q ` 6 f p f 2 ` f ` 1q ` 18 f 2p f 2 ` f ` 1q
` p f 2 ` f ` 1q2 ` 9 f 4 ´ 6 f 2 ´ 2p f 2 ` f ` 1q ` p1 ` 2 f q2p f 2 ` f ` 1q
` 2p1 ` 2 f q2 ` 6 f p1 ` 2 f q2 ´ 6p1 ` 2 f qp f 2 ` f ` 1q
“ 0.
Similarly, we find that the coefficient in φχ2 is equal to
2a1u
2 ´ 2u3 ` 12a1u2 f ` 2u ´ 18u f 2 ` 2a1 f ` 2a1 f 2 ´ 8 f u ´ 2a21u3 ` 2a1 f 3
“ 2a1u2 ´ 2u3 ` 14a1u2 f ` 2u ´ 18u f 2 ´ 8 f u ´ 2a21u3
“ 2p2 f ` 1qu ´ 2up f 2 ` f ` 1q ` 14p2 f ` 1qu f ` 2u ´ 18u f 2 ´ 8 f u ´ 2up2 f ` 1q2
“ 0
and finally, that the coefficient in χ3 is equal to
u2 ´ 2a1 f u ` 3 f 2 ´ a1u ` 3 f
“ p f 2 ` f ` 1q ´ 2 f p2 f ` 1q ` 3 f 2 ´ p2 f ` 1q ` 3 f
“ 0.
For Eq. (ix), we substitute φ1, χ1, and ψ1 via p˝q to obtain
´a2 “ 3a1χ1φ2 ` 6a1φ1φχ` φ1a21φ2 ` a1χ1χ2 ` 2a1φ1χψ` ψ1ψ2 ` 6aφ1χ1φ
` φ12a2φ` 3a1φ12χ` 2a1ψ1φ1χ` a1χ12χ` ψ12ψ` 2a1χ1φ1ψ
` 2aψ1χ1φ` 2a1χ1φψ` 2a1ψ1φχ
“ ´a1p´2a1u2 ` 6 f u ´ 3a1u4 ` 4 f u3 ´ 12a1u2 f 2 ` 12 f 3u ´ a1 f 4 ` 4 f a21u3 ´ a1 f 2qφ3
` a1p6u2 f ´ a1u ` 6 f 3 ´ 6a1u f 2 ` 3 f ` a21u4 ` 6 f 2u2 ´ 5u4 ´ 4a1 f 3u
` 2u2 ` 6 f 2 ´ 4a1 f u ` 3 f 4qφ2χ
` 2up8u3 ´ 6a1 f u2 ` 3ua21 f 2 ´ a21u3 ´ 2a1 f 3 ` 2a21u ´ 4 f a1qφ2ψ
` 2a1up´3u2 ` a1u ` 3a1 f u ´ 3 f 2 ´ 1 ´ 2 f qφχ2
` p4 f a1 ` 2a1 ´ 4a1u2 ` 4a1 f 2 ` 16u3 ´ 6a1 f u2 ´ 2a21u3 ` 2a1 f 3qφχψ
´ 6up´2u ` f a1qφψ2 ` a1p f 2 ´ u2 ` f qχ3 ´ 2up´2u ` 2a1 ` f a1qχ2ψ
` 6uχψ2 ` 2ψ3
As ψ “ ´2φ, we obtain
´a2 “ p´5 f a1 ´ 4a1 ` 10a1u2 ´ 2a1 f 2 ´ 32u3 ` 18a1 f u2 ` 4a21u3 ` 2a1 f 3 ´ a21u
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´ 6ua21 f 2 ` a31u4 ` 6a1u2 f 2 ´ 5a1u4 ´ 4a21 f 3u ´ 4a21 f u ` 3a1 f 4 ` 24uqφ2χ
` 2upa21u ` 3a1 ´ 3a1u2 ´ 3a1 f 2 ` 3a21 f u ´ 4uqPQ2 ` a1p f 2 ´ u2 ` f qχ3
` p48u2 ´ 14a1 f u ´ 32u4 ` 20a1u3 f ` 7a21u4 ´ 4a1 f 3u ´ 6a21u2 ` f 4a21
´ 4 f a31u3 ` a21 f 2 ´ 16qφ3
Via f 2 ` f ` 1 “ u2, a1u “ 2 f ` 1, and
`
a2 ´ 4˘ f 2 ` `a2 ´ 4˘ f ` `a2 ´ 1˘ “ 0, the coefficient of (ix)
in φ3 is equal to
48u2 ´ 14a1 f u ´ 32u4 ` 20a1u3 f ` 7a21u4 ´ 4a1 f 3u ´ 6a21u2 ` f 4a21 ´ 4 f a31u3
` a21 f 2 ´ 16
“ 48p f 2 ` f ` 1q ´ 14 f p2 f ` 1q ´ 32p f 2 ` f ` 1q2 ` 20 f p2 f ` 1qp f 2 ` f ` 1q ` a21 f 2
` 7p2 f ` 1q2p f 2 ` f ` 1q ´ 4 f 3p2 f ` 1q ´ 6p2 f ` 1q2 ` a21 f 4 ´ 4 f p2 f ` 1q3 ´ 16
“ pa21 ´ 4q f 4 ` pa21 ´ 1q f 2 ´ 3 f ` 1 “ ´ f 3pa21 ´ 4q ´ 3 f ` 1
“ ´ f 3a21 ` p f ` 1qp´1 ` 2 f q2 “ ´ f 3a21 ` p f ` 1qpa1u ´ 2q2
“ p´ f 3 ` u2 f ` u2qa21 ´ 4p f ` 1qua1 ` 4 f ` 4
“ p´ f 3 ` u2 f ` u2qa21 ´ 4pa1u ´ f qua1 ` 4 f ` 4
“ p´3u2 ´ f 3 ` u2 f qa21 ` 4 f ua1 ` 4 f ` 4
“ p´3u2 ` f p f ` 1qqa21 ` 4 f p2 f ` 1q ` 4 f ` 4
“ p´3u2 ` f 2 ` f qa21 ` 8 f 2 ` 8 f ` 4 “ p´3u2 ´ 1 ` u2qa21 ` 8p´1 ` u2q ` 4
“ ´2u2a21 ´ a21 ´ 4 ` 8u2 “ ´2p2 f ` 1q2 ´ a21 ´ 4 ` 8p f 2 ` f ` 1q
“ ´a21 ` 2,
and the coefficient in φχ2 is equal to
2upa21u ` 3a1 ´ 3a1u2 ´ 3a1 f 2 ` 3a21 f u ´ 4uq
“ a1up2 f ` 1q ` 3a1u ´ 3a1up f 2 ` f ` 1q ´ 3a1u f 2 ` 3a1u f p2 f ` 1q ´ 4u2
“ ´4u2 ` a1up2 f ` 1q
“ ´8p f 2 ` f ` 1q ` 2p2 f ` 1q2
“ ´6.
The coefficient in φ2χ is equal to
´ 5 f a1 ´ 4a1 ` 10a1u2 ´ 2a1 f 2 ´ 32u3 ` 18a1 f u2 ` 4a21u3 ` 2a1 f 3 ´ a21u
´ 6ua21 f 2 ` a31u4 ` 6a1u2 f 2 ´ 5a1u4 ´ 4a21 f 3u ´ 4a21 f u ` 3a1 f 4 ` 24u
“ 3a1 f 4 ´ 2p2ua1 ´ 1qa1 f 3 ´ 2p3ua1 ´ 3u2 ` 1qa1 f 2 ´ p4ua1 ´ 18u2 ` 5qa1 f ` 4a21u3
` a31u4 ´ ua21 ` 10a1u2 ´ 4a1 ´ 5a1u4 ´ 32u3 ` 24u
“ 3a1p´ f ´ 1 ` u2q2 ´ 2p2ua1 ´ 1qa f p´ f ´ 1 ` u2q ´ 2p3ua1 ´ 3u2 ` 1qa1p´ f ´ 1 ` u2q
´ p4ua1 ´ 18u2 ` 5qa1 f ` 4a21u3 ` a31u4 ´ ua21 ` 10a1u2 ´ 4a1 ´ 5a1u4 ´ 32u3 ` 24u
“ a1p4ua1 ` 1q f 2 ´ a1p4u3a1 ´ 6ua1 ´ 8u2 ´ 1q f ` 4a1u4 ´ 4a1u2 ` a1 ´ 32u3 ` 24u
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´ 2a21u3 ` 5ua21 ` a31u4
“ a1p4ua1 ` 1qp´ f ´ 1 ` u2q ´ a1p4u3a1 ´ 6ua1 ´ 8u2 ´ 1q f ` 4a1u4 ´ 4a1u2 ` a1
´ 32u3 ` 24u ´ 2a21u3 ` 5ua21 ` a31u4
“ a31u4 ` p´4 f ` 2qa2u3 ` 4au4 ` p2 f ` 1qa2u ` p8 f ´ 3qau2 ´ 32u3 ` 24u
“ a31u4 ` p´2ua1 ` 4qa21u3 ` 4a1u4 ` a1ua21u ` p4ua1 ´ 7qa1u2 ´ 32u3 ` 24u
“ ´a1pa21 ´ 4qu4 ` 8pa21 ´ 4qu3 ` a1p´7 ` a21qu2 ` 24u,
which by (5) yields
3a1u
2 ´ 24u ` a1p´7 ` a21qu2 ` 24u
“ a1pa21 ´ 4qu2
“ ´3a1,
and finally, the coefficient in χ3 is equal to a1p f 2 ´ u2 ` f q “ a1.
As a conclusion, φ, χ, and ψ must only satisfy the following equations:$&
%
ψ “ ´2φ p1q
1 “ χ2 ` a1φχ` φ2 p2q
a2 “ p´2 ` a21qφ3 ` 3a1φ2χ` 6φχ2 ` a1χ3 p3q
When K “ Fqpxq, we have the following:
(a) If p ‰ 2, then we write φ “ UV with and U,V P Fqrxs relatively prime. The quadratic equation (2)
in χ,
χ2 ` a1φχ` φ2 ´ 1 “ 0,
has a solution in Fqpxq if, and only if, the discriminant Γ of the polynomial hpXq “ X2`a1φX`φ2´1
is a square in Fqpxq. By definition,
Γ “ a21φ2 ´ 4pφ2 ´ 1q “ pa21 ´ 4qφ2 ` 4.
We write a1 “ P1{Q1 where P1 and Q1 P Fqrxs and pP1,Q1q “ 1. We also write U “ gcdpU,Q1qU1
and Q1V “ gcdpQ1,UqV1, with U1 and V1 P Fqrxs.
Also, Γ is a square if, and only if, there exists W in Fqrxs such that
pP21 ´ 4Q21qU12 ` 4V12 “ W2.
Multiplication by ´27 yields
Q21dL{FqpxqU
12 “ ´27pW2 ´ 4V12q “ ´27pW ´ 2V1qpW ` 2V1q,
where dL{Fqpxq “ ´27pa21 ´ 4q is the discriminant of the minimal polynomial of z1 T1pXq “ X3 ´
3X´a1. As L{Fqpxq is Galois, it follows by Lemma 2.1 that dL{Fqpxq P Fqpxq2. Let δ P Fqrxs be such
that δ2 “ Q2
1
dL{Fqpxq. Thus pδU1q2 “ ´27pW ´ 2V1qpW ` 2V1q. As U1 and V1 are relatively prime,
it follows that U1, V1, and W are pairwise coprime. Thus W ´ 2V1 and W ` 2V1 too are coprime.
Therefore, by unique factorisation in Fqrxs, it follows that, up to a unit, W´ 2V1 and W` 2V1 are
squares in Fqrxs. Hence, there exist C,D P Fqrxs relatively prime such that W ´ 2V1 “ ξC2 and
W ` 2V1 “ ζD2, where ξ, ζ P Fq˚ are such that ξζ is equal to ´27´1 up to a square in Fq˚ . Thus
2W “ ξC2 ` ζD2 and 4V1 “ ζD2 ´ ξC2,
so that
2W “ ζ´1pζξC2 ` ζ2D2q and 4V1 “ ζ´1pζ2D2 ´ ζξC2q.
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This is equivalent to
2W “ ζ´1p´3´1C12 ` D12q and 4V1 “ ζ´1pD12 ` 3´1C12q,
where C1 “ 3´1C and D1 “ ζD. Therefore, we have
2W ´ 4V1 “ ´27´1ζ´1C12 and 2W ` 4V1 “ 2ζ´1D12,
and it follows that
´27pW ´ 2V1qpW ` 2V1q “ 9ζ´2D12C12 “ δ2U12.
By construction, we have
δU1 “ ˘3ζ´1D1C1.
As different values of ζ result in the same rational function φ, up to multiplication of C by ´1,
we have without loss of generality that
δU1 “ 3C2D2 and 4Q1V1 “ D22 ` 3´1C22,
where C2,D2 P Fqrxs.
For the converse, suppose that there exist C,D P Fqrxs with C and D relatively prime such that
4Q1V
1 “ D2 ` 3´1C2 and δU1 “ 3CD. Then we find that
φ “ 12CDQ1
δpD2 ` 3´1C2q
and
Γ “ pa21 ´ 4qφ2 ` 4
“
122C2D2Q2
1
pP2
1
´ 4Q2
1
q ` 4δ2pD2 ` 3´1C2q2
δ2pD2 ` 3´1C2q2
“ 4δ
2p´4 ¨ 3´1C2D2 ` pD2 ` 3´1C2q2q
δ2pD2 ` 3´1C2q2
“ 4pD
2 ´ 3´1C2q2
pD2 ` 3´1C2q2 ,
which is a square in K. Hence, Γ “ γ2 with
γ “ 2pD
2 ´ 3´1C2q
D2 ` 3´1C2 , and χ “
´a1φ˘ γ
2
“
´a1φ˘ 2pD
2´3´1C2q
D2`3´1C2
2
.
(b) If p “ 2, then once more Eq. (2) holds. If φ “ 0, then Eq. (2) yields χ “ ˘1. By Eq. (3), if
χ “ 1, then a2 “ a1, whereas if χ “ ´1, then a2 “ ´a1. If φ ‰ 0, then as a1 ‰ 0, division of Eq.
(2) by pa1φq2 yields ˆ
χ
a1φ
˙2
`
ˆ
χ
a1φ
˙
` φ
2 ´ 1
pa1φq2
“ 0.
Thus, χ{pa1φq is a solution of the Artin-Schreier equation
X2 ´ X ´ pφ2 ´ 1q{pa1φq2 “ 0,
as claimed.

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Remark 5.19. (1) By Eq. (3), for the solution χ “ ´a1φ`γ2 , we obtain furthermore that
a2 “ p´2 ` a21qφ3 ` 3a1φ2χ` 6φχ2 ` a1χ3
“ p´2 ` a21qφ3 ` 3a1φ2p´a1φ` γq{2 ` 6φpp´a1φ` γq{2q2 ` a1pp´a1φ` γq{2q3
“ ´1{8pa21 ´ 4q2φ3 ` 3{8a1pa21 ´ 4qφ2γ´ 3{8pa21 ´ 4qφγ2 ` 1{8a1γ3
“ ´1{8pa21 ´ 4q2φ3 ` 3{8a1pa21 ´ 4qφ2γ´ 3{8pa21 ´ 4qφppa21 ´ 4qφ2 ` 4q
` 1{8a1γppa21 ´ 4qφ2 ` 4q
“ ´1{2pa21 ´ 4q2φ3 ` 1{2a1pa21 ´ 4qφ2γ´ 3{2pa21 ´ 4qφ` 1{2a1γ
“ ´1{2pγ2 ´ 1qpa21 ´ 4qφ` 1{2a1γpγ2 ´ 3q.
For the solution χ “ ´a1φ´γ2 , we obtain the analogous
a2 “ p´2 ` a21qφ3 ` 3a1φ2χ` 6φχ2 ` a1χ3
“ p´2 ` a21qφ3 ` 3a1φ2p´a1φ´ γq{2 ` 6φpp´a1φ´ γq{2q2 ` a1pp´a1φ´ γq{2q3
“ ´1{8pa21 ´ 4q2φ3 ´ 3{8a1pa21 ´ 4qφ2γ´ 3{8pa21 ´ 4qφγ2 ´ 1{8a1γ3
“ ´1{8pa21 ´ 4q2φ3 ´ 3{8a1pa21 ´ 4qφ2γ´ 3{8pa21 ´ 4qφppa21 ´ 4qφ2 ` 4q
´ 1{8a1γppa21 ´ 4qφ2 ` 4q
“ ´1{2pa21 ´ 4q2φ3 ´ 1{2a1pa21 ´ 4qφ2γ´ 3{2pa21 ´ 4qφ´ 1{2a1γ
“ ´1{2pγ2 ´ 1qpa21 ´ 4qφ´ 1{2a1γpγ2 ´ 3q.
(2) In the language of Theorem 5.8, the base change matrix from t1, z1, z21u to t1, z2, z22u is given
by ¨
˝ 1 0 0´2φ χ φ
2φχa1 ` 4φ2 φ2a1 ` 2φχ ´φ2 ` χ2
˛
‚,
and the inverse of this matrix is equal to¨
˚˝˚ 1 0 0´2φ
a1φ3`3χφ2´χ3
φ2´χ2
a1φ3`3χφ2´χ3
p
a1φ3`3χφ2´χ3
2φp4φχ`a1pφ2`χ2q
a1φ3`3χφ2´χ3
φpa1φ`2χq
a1φ3`3χφ2´χ3
´χ
a1φ3`3χφ2´χ3
˛
‹‹‚.
Therefore, z1 may be expressed in terms of z2 as
z1 “ 1
a1φ3 ` 3χφ2 ´ χ3
“´2φ` pφ2 ´ χ2qz2 ` φz22‰ .
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